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Abstract
We construct the moduli cone stackM tropη of tropical étale covers (i.e., coverings of twisted
tropical curves). We define the tropical intersection theory on M tropη and show that the
tropical intersection theory agrees with the intersection theory on the moduli stackM η of
étale covers (i.e., coverings of twisted algebraic curves). We apply the tropical intersection
theory on M tropη to calculate the intersection numbers of Psi-classes on the moduli space
M g,n of n-marked genus g curves. We also define the moduli stack M
log
η of logarithmic
étale covers and describe the tropicalization map fromM logη to the Artin fan ofM
trop
η .
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Nomenclature
[n] The set {1, ...,n}
k An algebraically closed field
f The underlying scheme morphism of the log morphism f
f b The log structure morphism induced by the log morphism f
M the dual of the finitely generated free abelian group N
N A finitely generated free abelian group

Introduction
We realize the tropical calculation of the intersection numbers of Psi-classes on the moduli
stackM g,n for higher genus g. For the case g = 0, see [30] and [20]. For the intersection
of stable Psi-classes, see [8]. Unlike the moduli stack M 0,n of rational n-marked curves,
the moduli stackM g,n of n-marked genus g in general does not embed into a toric variety
nicely, i.e., we do not have an embedding of M g,n into some toric variety X such that
there is natural correspondence between the cycles onM g,n and the cycles in X . Costello
shows that intersection numbers of Psi-classes on the moduli stackM g,n can be calculated
by intersecting cycles on the moduli stack M η of étale covers [12]. Moreover, there is
a natural morphism M η →M 0,n which allows us to transfer calculations from M η to
M 0,n. Following this idea, we transfer the tropical intersection theory onM
trop
0,n to define the
tropical intersection theory on the cone stackM tropη which agrees with the intersection theory
onM η . Then we can do the tropical calculation onM
trop
η to get the intersection numbers of
M g,n.
The motivation of this thesis is to tropicalize the calculation of Gromov-Witten invariants.
For a general survey on Gromov-Witten invariants, see [15]. The development of mirror
symmetry creates the interest in the Gromov-Witten invariants which count algebraic curves
on a smooth projective variety. Mikhalkin first used tropical curves to give a count of
algebraic curves on toric surfaces [33]. Then Nishinou and Siebert generalized the results to
g = 0 for all complete toric varieties [36] where the tropicalization via logarithmic geometry
in the Gross-Siebert program ([22], [24]) is used. It is also suspected that this approach
should hold in general. The main issue is the "superabundance" phenomenon, i.e., the
dimension of the moduli stack of algebraic curves does not match the dimension of the
moduli space of tropical curves.
Costello shows that higher genus Gromov-Witten invariants of X can be expressed as
genus zero invariants of symmetric products SdX [12]. In particular there are certain finite
maps between the moduli stack M g,n(X), M η(X) and M 0,n(SdX). We hope there are
similar maps in the tropical geometry. Then we may be able to express higher genus tropical
2 Introduction
curve counting as rational curve counting and hence establish the higher genus equality of
tropical curve counting and algebraic curve counting. In particular, we may be able to have
a better understanding on the superabundance phenomenon, i.e., be able to identify which
higher genus curves do not have corresponding algebraic curves. For result of genus 0 and 1
on this, see [42] and [39].
We then focus on the case X = pt to avoid dealing with the tropicalization ofM 0,n(SdX)
which requires further understanding. The Gromov-Witten theory of a point has been known
sice Kontsevich’s proof [31] of Witten’s conjecture [44]. So there is nothing new here in this
respect.
Cavalieri, Chan, Ulirsch and Wise propose the stack-theoretic approach to construct the
moduli space parametrizing the tropical curves [9]. This method can easily be generalized to
define the moduli spaceM tropη of tropical étale covers which is the tropicalization of twisted
curves. Moreover, the tropical intersection theory onM0,n defined by Kerber and Markwig
[30] can be transferred easily toM tropη .
Gross and Siebert propose the tropicalization via logarithmic geometry in [23]. The
process is made precise by Abramovich, Chen, Gross and Siebert in [2]. Gross gives a
more systematic survey about how log geometry bridges tropical geometry and algebraic
geometry in [21]. In the end, we compare the tropicalization via logarithmic geometry with
the tropicalization via the cone stack using the methods proposed by Cavalieri, Chan, Ulirsch
and Wise in [9].
The spaceM trop0,n is the moduli cone stack of tropical curves of genus 0 with n marked
points. A tropical curve of genus 0 with n marked points is a connected metric graph with
n labeled unbounded edges such that any vertex has at least 3 edges. The metric means
each bounded edge is assigned a number in R+. These curves are parametrized by the
combinatorial structure of the underlying nonmetric graph and the length of each bounded
edge. Notice the underlying nonmetric graph can have at most n−3 bounded edges. So the
tropical moduli spaceM trop0,n has the structure of a polyhedral complex, obtained by gluing
several copies of the orthant Rn−3≥0 —-one copy for each 3-valent graph with n unbounded
edges.
The moduli cone stack M trop0,n is exactly the tropicalization of M 0,n. For the tropical-
ization here, see [41] or [17]. For the tropicalization of M 0,n, see [35]. Indeed, given a
rational stable curve with n marked points, we can construct the dual intersection graph of the
stable curve. Recall stable curve has at worst nodal singularities. The dual intersection graph
of the n-marked stable curve (C, p1, ..., pn) has 1 vertex for each irreducible component.
There is a bounded edge connecting two vertices if and only if the corresponding irreducible
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components intersect at a node. There are also n unbounded edges corresponding to n marked
points. An unbounded edge k is attached to the vertex v if and only if the marked point pk
is on the irreducible component corresponding to v. A nonmetric graph G will specify the
closed subvarietyMG ⊂M 0,n where the points ofMG correspond to stable curves whose
dual intersection graph is G directly or is G after some bounded edges are contracted. On the
other hand, the tropicalization ofM 0,n is obtained by gluing several copies of the orthant
Rn−3≥0 —-one copy for each deepest degenerated stable curve. Notice that the dual intersection
graphs of the deepest degenerated stable curves are precisely all 3-valent genus 0 graphs.
The moduli cone stackM trop0,n is the tropicalization ofM 0,n.
The calculation of the intersection theory onM 0,n can be done via the tropical intersection
theory onM trop0,n . Indeed, Gibney and Maclagan show that the moduli stackM 0,n embeds
into a toric variety [18]. Moreover, the embedding respects the intersection theory, i.e., the
Chow cohomology classes in which we are interested come naturally from the pullback
of this embedding. Then it is possible to define the tropical intersection theory on M trop0,n
by applying the concepts suggested in [34] and developed in detail in [7]. For tropical
calculation of intersection of psi-classes onM trop0,n , see [32].
The idea of tropical intersection theory is to take advantage of the property of toric
varieties. For a complete toric variety X of dimension n, we have
Dk : AkX
≃−→ Hom(AkX ,Z),
where AkX is the codimension k Chow cohomology group and AkX is the dimension k Chow
group [16, Proposition 2.4]. Recall each (n− k)-dimensional cone σ in the tropicalization of
X represents a closed subvariety Dσ of dimension k in X . Moreover, the Chow group AkX
is generated by these closed subvarieties. A tropical fan of dimension k is a collection of
dimension k cones of the fan for X with a weight function assigning to each cone a weight in
Z satisfying certain balancing condition. Then the group An−kX is isomorphic to the group
of tropical fans of dimension k via the map
c 7→ Yc
where c is an element in An−kX ; the weight function of the k-dimensional tropical fan
Yc assigns the intersection number c.[Dσ ] to each k-dimensional cone σ . The balancing
condition comes from the relations between Dσ in An−kX .
Furthermore, each continuous piecewise linear function on the tropicalization of the
n-dimensional toric variety X gives a Cartier divisor on X , i.e., an element in A1X . Indeed, a
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piecewise linear function is linear on each n-dimensional cone. So specifying a piecewise lin-
ear funtion is the same as specifying an element mσ in the dual space for each n-dimensional
cone σ , which is the same as specifying a rational function on the each open set V (σ). These
open sets V (σ) form a cover of X . Moreover, continuity of the piecewise linear function
translates to the condition that on the intersection of two such open sets, the quotient of the
two rational functions is a regular function. So we have a Cartier divisor. For more details,
see [14] and [16].
Now we can intersect a continuous piecewise linear function with a k-dimensional tropical
fan just like intersecting a Cartier divisor with an element in An−kX . Moreover, the calculation
is tropical, i.e., only tropical data (weight, faces, piecewise linear function...) are needed in
the calculation. The result will be a (k−1)-dimensional tropical fan.
Since Gibney and Maclagan show that M 0,n embeds nicely into some complete toric
variety X andM
trop
0,n is a subfan of the tropicalization of X [18], all these tropical calculations
generalize naturally toM
trop
0,n . To intersect Psi-classes ψi or boundary divisors onM 0,n, it
suffices to find the corresponding piecewise linear function and the tropical fan associated to
the fundamental class [M 0,n]. See [30].
BecauseM g,n does not embed nicely into toric varieties, it is difficult to directly general-
ize the above and to use only tropical data to intersect Psi-classes. Costello shows that the
descendent genus g Gromov-Witten invariants (i.e., intersection of Psi-classes onM g,n) can
be expressed as genus 0 Gromov-Witten invariants [12]. We will describe the idea below.
An étale cover is a degree d étale morphism C ′→ C of twisted balanced nodal curves
satisfying some other conditions. The moduli stackM η parametrizes such étale covers with
certain markings on C ′ and C where the genus g(C ) = 0. The genus of a twisted curve is
that of its coarse moduli space. Here η is some label remembering the genera of C ′ and C ,
the stack (orbifold) structure at the marked points and so on. These stacks are studied in [4]
and [5] where they are related to more classical moduli stacks of twisted and ordinary stable
curves.
There is a map p :M η →M g,n for g and n determined by η , defined by taking the
coarse moduli space C′ of C ′ and forgetting some marked points. If η is chosen carefully,
the map p is finite of degree k ∈Q×, i.e.,
p∗[M η ] = k[M g,n],
where k can be calculated combinatorically based on η . Then the pull back p∗ψi of the
Psi-class ψi onM g,n can be expressed in terms of Psi-classes and boundary divisors ofM η .
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This translates the descendent Gromov-Witten invariants onM g,n into intersection theory on
M η .
On the other hand, there is a map rt :M η →M 0,m defined by taking the coarse moduli
space C of the target twisted curve C . The map is proper and flat. This map factorizes as
M η
t−→M ηt r−→M 0,m,
whereM ηt is the moduli stack of twisted curves. Here ηt is the label for twisted curves. The
first map t is étale and the ramifications of the second map r at divisors are easily calculated
by looking at the local picture. So we can pull back divisors fromM 0,m toM η .
To summarize, there is a correspondenceM 0,m ←M η →M g,n which is finite over both
M 0,m andM g,n. The most important thing is that the étaleness of t enables us to describe
the map M η →M ηt tropically. Moreover, the effect of the map r can be dealt with by
simply adding a factor.
A twisted tropical curve is a metric graph with some extra data assigning a positive
integer to each edge. Recall the underlying nonmetric graph of a tropical curve can be viewed
as the dual intersection graph of some stable curves. The underlying nonmetric twisted graph
of a twisted tropical curve can be viewed as the dual intersection graph of some twisted curve
with the extra data recording the stack (orbifold) structure at the nodes and the marked points.
A tropical étale cover is a morphism Γs → Γt of metric twisted tropical curves satisfying
certain conditions. The conditions come from the fact that the underlying nonmetric graph
of a tropical étale cover is the dual intersection graph of some étale cover. The metric on
the source twisted tropical curve Γs is always induced from the metric on the target twisted
tropical curve by the morphism. So we usually specify a tropical étale cover by the morphism
Gs → Gt of the underlying nonmetric twisted graphs and the metric on Gt .
The moduli space M tropη parametrizing tropical étale covers is constructed as a cone
stack following the process constructingM tropg,n in [9]. For the tropicalization ofM
trop
η via
Berkovich analytification, see [10].
In [9], the moduli spaceM tropg,n is treated as a stack instead of as a set to make the tropical
forgetful map πg,n+1 :M
trop
g,n+1 →M tropg,n become the universal curve. Following the idea, a
stack-theoretic approach is taken: we define the moduli space M tropη as a tropical moduli
functor
M tropη : RPCZ→Groupoids
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that associates to a rational polyhedral cone σ the groupoid of tropical étale covers Γ with
edge lengths taking values in the dual monoid Sσ to σ . Taking lengths in Sσ allows keeping
track of higher-dimensional deformation parameters of multi-parameter degenerations.
The functorM tropη is then proved to be a cone stack. The following analogy with algebraic
geometry is given in [9]. We copy it here to help understanding:
algebraic geometry tropical geometry
rings monoids
affine schemes cones
schemes cone complexes
algebraic spaces cone spaces
algebraic stacks cone stacks.
Like in algebraic geometry, the stack structure ofM tropg,n comes from the automorphisms
of tropical curves. For example, given two edges e1 and e2 connecting two same vertices, the
map which maps e1 7→ e2,e2 7→ e1 and is the identity elsewhere is an automorphism of the
tropical curve. The stack structure ofM tropη comes from the automorphisms of tropical étale
covers as well.
Notice that the cone stackM trop0,n is actually a cone complex as expected. Moreover, the
cone stack definition matches the previous definition forM trop0,n .
Assume again we have two edges e1 and e2 connecting the same pair of vertices (v1,v2).
v1 v2
e1
e2
Then the tropical curves with such underlying nonmetric graph should be parametrized by
R2≥0 with entries being the lengths of e1 and e2. Hence we have to identify (x,y) with (y,x)
because the tropical curves are isomorphic. This is another reason why tropical intersection
theory onM tropg,n is difficult to realize.
There is a map tc :M tropη →M trop0,n mapping a tropical étale cover to the coarse tropical
curve of its target twisted tropical curve, i.e., forgetting the extra data of the target twisted
tropical curve. We focus on the case where target twisted curve is of genus 0. Here genus
means the genus assigned to each vertex plus the genus of the underlying nonmetric graph.
Then any automorphism will be the identity on the target twisted curve. Recall that tropical
étale covers are parametrized by the lengths on the target twisted curves. All the stack
structure onM tropη is induced by the identity automorphism. (This does not mean there is no
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stack structure. The situation is similar to the classifying stack BG in algebraic geometry.)
The map tc is precisely forgetting the stack structure locally.
For each cone σ of M trop0,n , there are several cone stacks lying over σ in M
trop
η via tc.
All these cone stacks have stack structure induced by identity automorphisms. The coarse
moduli cones of these cone stacks are precisely σ . So the tropical intersection theory on
M trop0,n can be transferred toM
trop
η easily. For example, piecewise linear functions onM
trop
η
can be defined as piecewise linear on the coarse moduli cones of each cone stack. When
defining tropical fans and assigning weights to each cone stack, we simply add an extra factor
accounting for automorphisms. In this way, we have a tropical intersection theory onM tropη
which agrees with the intersection theory onM η .
As an application, we pull back Psi-classes ofM g,n toM η via the formula provided in
[12]. Then we calculate the intersections tropically onM tropη to get the intersection numbers.
In the final chapter we construct the moduli stack M logη of basic log étale covers as a
logarithmic stack following the method in [23]. The logarithmic stack is in the sense of [28]
and [37]. We will use "log" instead of "logarithmic" for short. Then we show there is a
smooth strict tropicalization morphismM logη → a∗M tropη where a∗M tropη is the Artin fan of
M tropη following the process in [9].
Logarithmic geometry developed in [27] and [29] serves as a connection between alge-
braic geometry and tropical geometry. In particular, log geometry describes multi-parameter
degenerations of algebraic curves elegantly.
The main concept in constructing the log stackM logη are the basic log étale covers. For
similar concept for log stable curves, see [23] and [28]. A log étale cover is a log étale
morphism of log stable curves. The reason for restricting to basic log étale covers is that the
moduli stack of all log étale covers is too large because it allows arbitrary log structures on
the family and the base. The notion of basicness selects a universal choice of log structure on
the base. Basicness only depends on the underlying morphism of stable curves. The relation
to tropical geometry comes from pulling back to the standard log point (Example 4.1.10).
The process of tropicalization is described as a functor on the fibers of the moduli stack
M logη of log étale covers over log points, i.e., the scheme Speck with log structure.
Let S be the log point (Speck,k∗⊕Q), where Q is a monoid. A log smooth curve X → S
can be thought of as a marked stable curve X , where each geometric point x of X is endowed
with a monoid MX ,x. The structure of such monoids is given in [28, Theorem 1.3]:
• At general points: MX ,x ≃ Q;
• At marked points: MX ,x ≃ Q⊕N;
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• At a node q: MX ,x ≃ Q⊕N N2 where Q⊕N N2 is determined by 1 7→ αq ∈ Q and
1 7→ (1,1).
One may think of αq as the smoothing parameter at the corresponding node. A log stable
curve is a log smooth curve whose underlying curve is stable. For log étale covers, we have
the general points (marked points, nodes respectively) sit over general points (marked points,
nodes respectively).
The tropical étale cover associated to a log étale cover Cs→Ct → S is the dual intersection
graph associated to the underlying morphism Cs →Ct of stable curves, together with the
twisted degree given by the ramification of the underlying morphism and the metric at each
node given by the smoothing parameter αq. This association defines the tropicalization which
is a natural functor:
trop :M logη (S)→M tropη (σS)
where σS = Hom(Q,R≥0). The functor trop specializes to the tropicalization map as in [23,
Appendix B].
The theory of Artin fans was developed in [6] and [3] which serves as an interface between
log geometry and tropical geometry. Every cone stack can be lifted to a log algebraic stack
which is the Artin fan associated to the cone stack. The lifting functor is denoted by a∗ which
defines an equivalence between the 2-category of cone stacks and the 2-category of Artin
fans [9, Theorem 6.15]. For a rational polyhedral cone σ , the Artin fan associated to σ is
Aσ := ([Vσ/T ],L)
where Vσ is the toric variety Speck[σ∨∩M] associated to the polyhedral cone σ ; the group
T is the dense torus in the toric variety Vσ ; the log structure L is induced by the divisorial log
structure on Vσ associated to Vσ\T .
The lifting of the cone stackM tropη is the log algebraic stack a∗M
trop
η . The log algebraic
stack a∗M tropη may be reinterpreted as a moduli functor
a∗M tropη : LSch→Groupoids
that associates to a log scheme S the groupoid of families of tropical étale covers over S,
i.e., of collections (Γx) of tropical étale covers indexed by the geometric points x of S with a
generalized edge length with values in the characteristic monoid MS,x that are compatible
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under specialization. The natural functor trop :M logη (S)→M tropη (σS) induces the morphism
M logη (S)→ a∗M tropη (S).
We then show the morphismM logη → a∗M tropη of log algebraic stack is smooth and strict.
Further work would involve generalizing the result to X of higher dimension. In particular,
we need a tropical explanation of the stack SdX and have a tropical intersection theory
on the moduli space M trop0,n (S
dX) which parametrizes tropical curves with a map to the
tropicalization of SdX . Future work in another direction would involve comparingM logη and
M η .

Chapter 1
Intersection theory onM 0,n via tropical
geometry
1.1 Tropical intersection theory
In this section we will discuss fans and toric varieties. In particular, we are interested in the
intersection theory on fans. This has been studied in [14] and [7].
Let N be a finitely-generated free abelian group, i.e. a group isomorphic to Zr, and
NR := N⊗ZR be the associated real vector space containing N as a lattice. We denote the
dual lattice in the dual vector space by M ⊂MR.
A cone is a subset σ ⊂NR that can be described by finitely many linear integral equalities
and inequalities, i.e. a set of the form
σ = {x ∈ NR| f1(x) = 0, ..., fs(x) = 0, fs+1(x)≥ 0, ..., fN(x)≥ 0}
for some linear forms f1, ..., fN ∈M. We denote by Vσ the smallest linear subspace of NR
containing σ and by Λσ the lattice Vσ ∩Λ. The dimension of σ is the dimension of Vσ .
A cone of dimension r is simplicial if it can be generated by positive linear combinations
of r vectors.
A fan X is a finite collection of cones in NR such that intersections of cones in X belong
to X and every cone σ ∈ X is the disjoint union
σ =
⊔
τ∈X ,τ⊂σ
τ˚,
where τ˚ denotes the interior of τ in Vτ .
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A fan is simplicial if all of its cones are simplicial.
We will denote the set of all k-dimensional cones of X by X (k). The dimension of X is
the maximum of the dimensions of the cones in X . The fan X is called pure-dimensional if
each cone is contained in some cone of dimension dimX in X . The union of all cones in X
will be denoted |X | ⊂ NR. If X is pure-dimensional then cones in X (dimX) are called facets of
X . A fan X is complete if |X |= NR.
If τ ⊂ σ in X then τ is called a face of σ which we denote as τ ≤ σ . If τ ≤ σ and τ ̸= σ
then τ is a proper face of σ , which we denote as τ < σ .
Let τ < σ be cones of some fan X with dimτ = dimσ − 1. This implies Λσ/Λτ ∼= Z.
Let uσ ∈ σ ∩Λσ be a vector whose class uσ/τ := [uσ ] ∈ Λσ/Λτ generates Λσ/Vτ . Note this
class uσ/τ does not depend on the choice of uσ . We call uσ/τ the primitive normal vector of
σ relative to τ .
Definition 1.1.1. [7, Definition 2.5] A weighted fan (X ,ωX) of dimension k is a fan X of
pure dimension k, together with a map ωX : X (k) → Z. The number ωX(σ) is called the
weight of the facet σ ∈ X (k).
We write ω(σ) for ωX(σ) when there is no ambiguity. Furthermore, we omit the weight
function ωX when ωX is clear from the context.
Definition 1.1.2. [7, Definition 2.5] A tropical fan of dimension k is a weighted fan (X ,ωX)
of dimension k satisfying the following balancing condition for every τ ∈ X (k−1):
∑
σ :τ<σ
ωX(σ) ·uσ/τ = 0 ∈ NR/Vτ .
This is the Minkowski weight in [16]. The balancing condition is equivalent to that for
any representation u˜σ/τ ∈ N of uσ/τ ,
∑
σ :τ<σ
ωX(σ) · u˜σ/τ ∈Vτ .
A more general definition would allow subdivisions. We denote the group of tropical fans
by TF∗(X) with the addition being addition of weights for fans of the same dimension and
formal addition for fans of different dimension. Let TFk(X) be the group of dimension k
tropical fans of X . Then the group TFk(X) is precisely the group of Minkowski weights of
codimension n− k in [16].
The weighted fans play the role of cycles while the tropical fans play the role of cocyles
in the intersection theory. Indeed, on one hand, the weights can be viewed as coefficients in
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front of the cycles. On the other hand, the weights can be viewed as the value of a cocycle on
different cycles. While there is no restriction on the coefficients in front of cycles, the value
of a cocycle on different cycles has to satisfy some conditions which translates exactly into
the balancing condition of tropical fans. There is a toric variety V (X) associated to each fan
X . Moreover, the intersection theory on V (X) gives us the intersection theory on X . We will
explain further.
A monoid is a commutative semi-group with a unit. We denote the operation by +
and the unit by 0. A morphism of monoids f : P → Q is a map satisfying f (0) = 0 and
f (p+ p′) = f (p)+ f (p′) for any p, p′ ∈ P. The monoid ring k[P] associated to a monoid P
is the k vector space
k[P] :=
⊕
p∈P
kzp,
with k-bilinear multiplication determined by
zp · zp′ := zp+p′.
Let X be a fan contained in NR and σ a cone in X . The dual cone σ∨ ⊂MR is
σ∨ := {m ∈MR | ⟨n,m⟩ ≥ 0,∀n ∈ σ}.
The variety V (σ) is defined as Speck[σ∨∩M], where σ∨∩M is a monoid. If τ ∈ X is a
face of σ , then V (τ) is an open subset of V (σ). So we have an associated variety V (X)
with an open cover V (X) = ∪
τ∈X
V (τ), where we identify V (τ)⊂V (σ1) with V (τ)⊂V (σ2)
whenever τ is a face of both σ1 and σ2.
The toric variety V (X) is complete if and only if X is complete.
Example 1.1.3. Let N be Z2 and X be the collection of σ1,σ2,σ3 and their proper faces
where
σ1 = R≥0(0,1)+R≥0(1,0)
σ2 = R≥0(−1,−1)+R≥0(0,1)
σ3 = R≥0(−1,−1)+R≥0(1,0).
σ3
σ1
σ2 τ2
τ1
τ3
(-1,-1)
(1,0)
(0,0)
(0,1)
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We claim V (X) is P2. Indeed, X = {0,τ1,τ2,τ3,σ1,σ2,σ3}, so the affine toric varieties are
V (0) = Speck[z(1,0),z(0,1),z(−1,0),z(0,−1)], V (τ1) = Speck[z(−1,1),z(−1,0),z(1,−1)],
V (τ2) = Speck[z(1,0),z(0,1),z(0,−1)], V (τ3) = Speck[z(1,0),z(0,1),z(−1,0)],
V (σ1) = Speck[z(1,0),z(0,1)], V (σ2) = Speck[z(−1,1),z(−1,0)],
V (σ3) = Speck[z(1,−1),z(0,−1)],
Notice that actually V (X) can be covered by V (σi), i = 1,2,3. And if we write for example
V (σ1) = Speck[x,y] with x = z(1,0) and y = z(0,1), then V (τ3) will be {x ̸= 0} and V (τ2) will
be {y ̸= 0}. Similar proposition holds for all V (σi). Moreover, the intersection of V (σ1)
and V (σ3) is V (τ2) which is just {y ̸= 0} in V (σ1). Consider P2 = Projk[x1,x2,x3] covered
by Ui := {xi ̸= 0}, i = 1,2,3. Identifying Ui with V (σi), Ui∩U j with V (τk),(k ̸= i or j) and
U1∩U2∩U3 with V (0), we get the isomorphism V (X)∼= P2.
The toric stratum Dσ corresponding to the cone σ ∈ X is the closure of the orbit corre-
sponding to σ :
Dσ := Xσ \ (
⋃
τ:τ<σ
Xτ).
The functor σ 7→ Dσ is inclusion-reversing, i.e. if τ is a face of σ , then Dσ sits in Dτ as a
closed subset. Moreover, codimDσ = dimσ . In particular, the stratum D0 is the whole toric
variety V (X).
A Cartier divisor on a fan X is a continuous piecewise linear function f on |X | such that
when restricted to each cone σ ∈ X the function
f (x) = ⟨mσ ,x⟩
for some mσ ∈ M. The Q- or R-Cartier divisor is defined if mσ ∈ MQ := M⊗ZQ or
mσ ∈MR.
Assume N has rank r and X is pure-dimensional of dimension r. A Cartier divisor f on X
gives a scheme theoretic Cartier divisor on V (X). Indeed, the variety V (X) has an affine open
cover V (X) =
⋃
σ∈X (r)V (σ). On each affine variety V (σ) where σ ∈ X (r), the function f is
given by a unique mσ ∈M. Remember zmσ is a regular function on V (σ). The intersection
of two open set V (σ1)∩V (σ2) is V (τ) where τ is the common face of σ1 and σ2. On V (τ),
the function zmσ1−mσ2 is invertible because both mσ1 −mσ2 and mσ2 −mσ1 lie in τ∨∩M. The
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Cartier divisor D f on V (X) associated to f is represented by
{(V (σ),zmσ )|σ ∈ X (r)}.
The map f 7→ D f behaves nicely with respect to the addition. For example, D f+g =
D f +Dg, so Da f = aD f for a ∈ Z. If f and g differ by a linear function u ∈M on |X |, we say
f ∼ g are linear equivalent. Then D f−g will be the principal Cartier divisor Du. The Cartier
class group CaCl(X) is the group of Cartier divisor modulo linear equivalence.
Now we have a morphism from the Cartier class group CaCl(X) to the Chow cohomology
A1(V (X)) via a map to the Cartier class group on V (X).
Proposition 1.1.4. Assume X is a complete fan of dimension r and V (X) is nonsingular. The
morphism i : CaCl(X)→ A1V (X) given by
f 7→ {(V (σ),zmσ )|σ ∈ X (r)}
composed with the homomorphism CaCl(V (X))→ A1V (X) is a group isomorphism.
Proof. First CaCl(V (X))→A1V (X) is an isomorphism. Indeed, the morphism CaCl(V (X))→
PicV (X) is isomorphism because V (X) is integral [25, Proposition 6.15]. The morphism
PicV (X)→ A1V (X) is isomorphism because X is complete [16, Corollary 3.4].
If f ∼ g, then D f −Dg is the principle Cartier divisor z f−g on V (X). So the morphism
CaCl(X)→CaCl(V (X)) is well-defined. Hence the morphism i is well-defined.
Let Dτ be the toric stratum corresponding to the cone τ ∈ X (1). Then A1(V (X)) is
generated by all Dτ [14, Section 5.1].
Let uτ be the generator of τ ∩N. Define fτ be the continuous piecewise linear function
obtained by extending uτ 7→ 1,uτ ′ 7→ 0 where τ ′ runs over X (1) except τ . This is possible
because V (X) is nonsingular so each cone of X is generated by part of a basis for the lattice
[14, Section 2.1]. Then the Weil divisor corresponds to fτ on V (X) is Dτ . So the morphism
is surjective.
Now suppose D f is principal, i.e., a Cartier divisor on V (X) given by the global function
F . The Cartier divisor D f is T -invariant on V (X), where T is the toric action. The rational
function F on V (X) which is T -invariant has to be λ ·zm f for some m f ∈M and some number
λ ∈ k because F is either identically zero or an invertible function on the big torus. So f is
given by m f ∈M on |X |. So the morphism is injective.
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Let X be a fan in N of pure dimension r = rankN. For an element c in the Chow
cohomology A∗V (X), we can define a formal sum Y of weighted fans in X
c 7→ Yc := (Y0,ω0)+(Y1,ω1)+ ...+(Yr,ωr),
where (Yi,ωi) is a weighted fan of dimension i. Define the weight
ωi(σ) := c(Dσ ),σ ∈ X (i).
Recall the toric stratum Dσ is of dimension r− dimσ . So if c is in Ak(V (X)), then Y is a
weighted fan of dimension r− k.
Proposition 1.1.5. Each weighted fan in the sum Yc is a tropical fan, i.e., (Yi,ωi) satisfies
the balancing condition.
Proof. To show the balancing condition for (Yi,ωi), it suffices to consider the component
cr−i ∈ Ar−iV (X) of c.
Take τ ∈ X (i−1) and m ∈ τ⊥ which is an element in M with value 0 on τ . Then on V (X)
the intersection of the principal Cartier divisor div(zm) and Dτ is
∑
σ :σ∈X (i),τ<σ
m(uσ/τ)Dσ ,
which is zero in Chow cohomology A∗V (X). Because m ∈ τ⊥, the value m(uτ/σ ) is well
defined. Moreover, we have
m( ∑
σ :σ∈X (i),τ<σ
uσ/τ ·ωi(σ))
= ∑
σ :σ∈X (i),τ<σ
m(uσ/τ) ·ωi(σ)
= ∑
σ :σ∈X (i),τ<σ
m(uσ/τ) · cn−i(Dσ )
=cn−i( ∑
σ :σ∈X (i),τ<σ
m(uσ/τ)Dσ )
=cn−i(div(zm).Dτ)
=0.
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This holds for all m ∈ τ⊥, hence the balancing condition
∑
σ :σ∈X (i),τ<σ
uσ/τ ·ωi(σ) = 0 ∈ NR/Vτ
holds.
The construction c 7→ Yc actually maps an element in Chow cohomology to a tropical fan
and preserves the addition. So we have a group morphism
DX : Ak(V (X))→ TFn−k(X).
Proposition 1.1.6. [16, Theorem 3.1] If X is a complete fan, then the morphism DX is an
isomorphism.
The Chow cohomology has a ring structure. In particular, the group A1(V (X)) acts on
A∗(V (X)). The Cartier class group CaCl(V (X)) acts on A∗(V (X)) if we view an element
in CaCl(V (X)) as an element in A1(V (X)). We wish to build similar action on the tropical
world, i.e., the diagram
CaCl(X)

× TF∗(X) // TF∗(X)
A1(V (X)) × A∗(V (X)) //
OO
A∗(V (X))
OO
is compatible. We will make this precise in Proposition 1.1.8.
Definition 1.1.7. Assume (Y,ωY ) is a tropical fan of dimension k in X . The Weil-divisor
of a Cartier divisor f on (Y,ωY ) is a tropical fan (Yf ,ω f ) of dimension k−1 in X with the
weights being
ω f (τ) =∑
σ
fσ (uσ/τ ·ωY (σ))− fτ(∑
σ
uσ/τ ·ωY (σ)),
where the sum goes over all k-dimensional cones containing τ as a face and fσ , fτ are linear
functions equal to f on σ ,τ respectively.
The tropical fan (Y f ,ω f ) is well defined. Because of the balancing condition, the choice
of fτ has no effect on ω f (τ). If f vanishes on τ , then the choice of uσ/τ will not have a
effect on ω f . In addition, if Cartier divisor f ∼ g, then ω f = ωg. We can always find a linear
function u on |X | such that f −u vanishes on τ . So the choice of uσ/τ will not affect ω f . We
usually denote the operation as f ⌣ Y for short.
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Proposition 1.1.8. For c ∈ A∗(V (X)) and the Cartier divisor D f ∈ A1(V (X)), we have
YD f⌣c = f ⌣ Yc.
Proof. Let τ ∈ X (k) and fτ be a linear function such that f = fτ on τ . Then D f = D f− fτ in
A1(V (X)). For σ ∈ X (k+1), pick a representative u˜σ/τ ∈ N of uσ/τ . The weight of YD f⌣c on
τ is
D f ⌣ c(Dτ)
=c(D f− fτ (Dτ))
=c(∑
σ
( f − fτ)(u˜σ/τ)Dσ )
=∑
σ
f (u˜σ/τ)c(Dσ )−∑
σ
fτ(u˜σ/τc(Dσ ))
=∑
σ
f (u˜σ/τc(Dσ ))− fτ(∑
σ
u˜σ/τc(Dσ )),
where the sum goes over all dimension k+1 cones containing τ as a face. Recall c(Dσ ) is
the weight of Yc on σ . The last equation holds because fτ is linear. Moreover, the result
matches the definition for the weight of f ⌣ Yc on τ .
So the group CaCl(X) acts on TF∗(X) like the cup product in Chow cohomology
A∗(V (X)). If f ,g are Cartier divisors on X and Y ∈ TF∗(X), then g ⌣ ( f ⌣ Y ) = f ⌣
(g ⌣ Y ). The subgroup of k-dimensional tropical fans is denoted by TFk.
Example 1.1.9. We will do some intersection theory on X where V (X) ∼= P2. Let N be
Z2 and X be the collection of σ1, σ2, σ3 and their proper faces where σ1 = R≥0(0,1)+
R≥0(1,0),σ2 = R≥0(−1,−1)+R≥0(0,1) and σ3 = R≥0(−1,−1)+R≥0(1,0).
For an element (Y,ω) in TF2, the balancing condition regarding τ1 = R≥0(−1,−1) is
ω(σ2) · (0,1)+ω(σ3) · (1,0) ∈ R(−1,−1).
So ω(σ2) = ω(σ3). The balancing conditions regarding τ2 = R≥0(1,0) and τ3 = R≥0(0,1)
give ω(σ1) = ω(σ3) and ω(σ1) = ω(σ2). So TF2 ∼= Z which is generated by the tropical
fan whose weights on σ1,σ2 and σ3 are 1. The generator is the tropical fan associated to the
generator [P2] ∈ A0(P2)∼= Z.
For an element (Y,ω) in TF1, the balancing condition regarding 0 is
ω(τ1)(−1,−1)+ω(τ2)(1,0)+ω(τ3)(0,1) = 0.
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Hence ω(τ1) = ω(τ2) = ω(τ3). So TF1 ∼= Z which is generated by the tropical fan whose
weights on τ1,τ2 and τ3 are 1. The generator is the tropical fan associated to the generator of
A1(P2)∼= Z.
For an element (Y,ω) in TF0, there is no balancing condition. So TF0 ∼= Z which is
generated by tropical fan whose weights on 0 are 1. The generator is the tropical fan
associated to the generator [pt] ∈ A2(P2)∼= Z.
Now we perform some intersection theory on X and compare the result with the intersec-
tion theory on V (X). Let f on X be the Cartier divisor determined by
(1,0) 7→ 0,(0,1) 7→ 1,(−1,−1) 7→ 0.
Then f maps to [Dτ3] under the morphism CaCl(X)→ A1(V (X)). Let (Y,ωY ) ∈ TF2(X) be
the tropical fan associated to [P2] ∈ A0(P2), i.e., the weights
ωY (σi) = 1, i = 1,2,3.
Then the weights ω f⌣Y on τ1 is
fσ2(ωY (σ2)(0,1))+ fσ3(ωY (σ3)(1,0))− fτ1(ωY (σ2)(0,1)+ωY (σ3)(1,0))
=1+0− fτ1((1,1)) = 1.
Similar calculation shows ω f⌣Y (τ2) =ω f⌣Y (τ3) = 1. So f ⌣Y is the tropical fan associated
to [Dτ3] ∈ A1(V (X)). Moreover, the weights ω f⌣ f⌣Y on 0 is
fτ1(ω f⌣Y (τ1)(−1,−1))+ fτ2(ω f⌣Y (τ2)(1,0))+ fτ3(ω f⌣Y (τ3)(0,1))
− f0(ω f⌣Y (τ1)(−1,−1)+ω f⌣Y (τ2)(1,0)+ω f⌣Y (τ3)(0,1))
=0+0+1−0 = 1.
So f ⌣ f ⌣Y is the tropical fan associated to [pt]∈ A2(V (X)). Both f ⌣Y and f ⌣ f ⌣Y
matches the intersection theory on V (X)∼= P2.
1.2 Intersection theory onM 0,n
In this section we will discuss how calculations in tropical geometry can be applied to the
intersection theory on the moduli spaceM 0,n.
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Usually the moduli spaceM 0,n is not a toric variety. In [18], Gibney and Maclagan show
that the moduli spaceM 0,n embeds in a toric variety and apply the projection formula to get
the intersection theory ofM 0,n’s boundary divisors.
Definition 1.2.1. [18, Definition 5.1] We define the fanM trop0,n as follows. Let
I = {I ⊂ [n] : 1 ∈ I and |I|, |Ic| ≥ 2}.
Elements in I can be identified with partitions of the set [n] into two parts with each parts
containing at least 2 elements. Then I is the part containing element 1. The simplicial fan
M trop0,n has 1-dimensional cones labeled by I ∈I ; a cone σ is a simplex ofM trop0,n if and only
if for all 1-dimensional cones I,J ∈ σ we have I ⊂ J, J ⊂ I or I∪ J = [n]. Let
E = {i j : 2≤ i < j ≤ n, i j ̸= 23}
be an indexing set for a basis of R(
n
2)−n. Define the vector
rI = (Ri j,I)i j∈E ∈ Z(
n
2)−n,Ri j,I =

1 |I∩{i, j}|= 0, |I∩{2,3}|> 0
−1 |I∩{i, j}|> 0, |I∩{2,3}|= 0
0 otherwise
.
Form the (
(n
2
)−n)×|I | matrix R with I-th column rI .
By the definition 1.2.1 above, the simplicial fanM trop0,n embeds into R
(n2)−n by mapping
the 1-dimensional cone I to R≥0rI . The image ofM trop0,n in R
(n2)−n is precisely the polyhedral
fan ∆ in [18].
Let Σn be the secondary fan or the saturated Gröbner fan ofM
trop
0,n which is the fan Σ
∗ in
[18]. Then Σn is complete. LetM 0,n be the moduli space of rational stable curves with n
marked points. Let the schemeM0,n ⊂M 0,n be the moduli space of smooth rational curves
with n marked points.
Proposition 1.2.2. The toric variety V (M trop0,n ) is the union of those T
(n2)−n-orbits of V (Σn)
intersecting the closure ofM0,n in this V (Σn). The closure ofM0,n ⊂ T (
n
2)−n inside V (Σn) is
equal toM 0,n.
Proof. This is a rephrasing of [18, Theorem 5.7]. The embeddingM0,n ⊂ T (
n
2)−n is in [18,
Example 3.1].
So the toric variety V (M trop0,n ) containsM 0,n as a subvariety. Let DI be the codimension 1
toric stratum corresponding to the 1-dimensional cone R≥0rI . Let δI be the boundary divisor
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ofM 0,n corresponding to curves which can be split into two components by pulling apart at
some node, such that the points marked by I are on one component while the points marked
by Ic are on the other component.
Proposition 1.2.3. We have Cl(V (M trop0,n )) ∼= Pic(M 0,n) with the isomorphism taking the
toric strata [DI] to the boundary divisor δI .
Proof. The case n ≥ 5 is precisely [18, Lemma 6.2]. For n = 4 we have Cl(V (M trop0,n )) ∼=
Pic(M 0,n) ∼= Z where [DI] and δI are the generators of the groups Cl(V (M trop0,n )) and
Pic(M 0,n) respectively.
Example 1.2.4. ConsiderM 0,4 ∼= P1. The 3 boundary divisors are denoted by δ12,δ13 and
δ14 where δi j means marked point i and j are on the same curve component. Let
I = {{1,2},{1,3},{1,4}}.
Let
E = {i j : 2≤ i < j ≤ 4, i j ̸= 23}= {24,34}
be an indexing set for a basis of R2. Define for I ∈I the vectors in this R2
r{1,2} = (0,1)
r{1,3} = (1,0)
r{1,4} = (−1,−1).
Consider the one-dimensional fan ∆= {R≥0rI : I ∈I } in R2. Then there is an embedding
M 0,4 ↪→ V (∆) ∼= P2\([1 : 0 : 0]∪ [0 : 1 : 0]∪ [0,0,1]). Moreover, we have Cl(V (∆)) ∼=
Pic(M 0,4) with the isomorphism taking the toric strata [DI] to δI .
The toric variety V (Σn) is a proper variety containing V (M
trop
0,n ) as an open subset because
M trop0,n is a subfan of Σn [18, Proposition 5.5, Proposition 5.6].
Let ∆ be the (n− 3)-dimensional tropical fan corresponding to the cycle [M 0,n] ∈
A∗(V (Σn)). We can label the strata ofM 0,n by σ ∈M trop0,n . To be more precise, we define
the stratum
δσ := δI1 ∩ ...∩δIk
where rI1, ...,rIk spans δ .
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Theorem 1.2.5. The weight function ω∆ of ∆ on σ ∈ Σ(n−3)n is
ω∆(σ) =
{
1, σ ∈M trop0,n
0, σ /∈M trop0,n
.
For Cartier divisor fi ∈ CaCl(Σn) and corresponding boundary divisor δi ∈ A1(M 0,n), the
intersection number
k
∏
i=1
δi ·δσ
is equal to the weight of tropical fan
f1 ⌣ ... ⌣ fk ⌣ ∆
on σ ∈ Σn, where δσ ∈ A∗(M 0,n) is the cycle corresponding to σ .
Proof. The construction of the embedding j :M 0,n ↪→V (Σn) satisfies that for τ ∈ Σn,
[M 0,n].[Dτ ] ̸= 0 ⇐⇒ τ ∈M trop0,n .
Moreover, if rI1, ..., rIk spans τ ∈ Σ(k)n then [M 0,n].[Dτ ] is the cycle corresponding to the
subvariety δτ ofM 0,n. In particular, if τ ∈ Σ(n−3)n , then [M 0,n].[Dτ ] is either a point or trivial.
So the weights of ∆ are 1 on σ ∈M trop0,n and 0 otherwise.
Let Di be the image of fi under the isomorphism CaCl(Σn)→ A1(V (Σn)). Then δi is
precisely j∗Di. For σ ∈ Σn, the cycle class δσ is j∗Dσ . For σ of dimension n−3−k applying
the projection formula, the intersection number
j∗(
k
∏
i=1
δi ·δσ )
= j∗([M 0,n] · j∗Dσ ·
k
∏
i=1
j∗Di)
= j∗([M 0,n]) ·Dσ ·
k
∏
i=1
Di
=D1 ⌣ ... ⌣ Dk ⌣ [M 0,n](Dσ )
is equal to the weight of tropical fan f1 ⌣ ... ⌣ fk ⌣ ∆ on σ .
The intersection of geometric cycles onM 0,n can be calculated via intersection of toric
strata on V (Σn). So intersecting psi-classes and boundary divisors can be calculated via
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intersecting Cartier divisors and tropical fans on Σn. The intersection of psi-classes onM
trop
0,n
is studied in [30].
Now we define the tropical psi-classes and boundary divisors as tropical fans onM trop0,n .
Moreover, we will find the Cartier divisors on Σn which give us the psi-classes and boundary
divisors so that we can do tropical intersection theory.
Recall that the dual intersection graphs index the strata of M 0,n. Explicitly, the dual
intersection graph G of a curve C inM 0,n is the graph with
• vertices each labeled by an irreducible component v of C,
• rays marked by 1, ...,n such that the ray marked by i is attached to vertex v if and only
if the marked point i lies on the irreducible component v and
• an edge joining vertices v and v′ if and only if the irreducible components v and v′ have
a common node in C.
For a dual intersection graph G and an edge e, we can contract all edges except e to get
a graph of two vertices joining by e. Assume the sets of rays attached to the two vertices
are Ie and Ice respectively where we choose Ie such that 1 ∈ Ie. Then Ie ∈I if G is a dual
intersection graph of a stable curve inM 0,n. If {Ie|e is an edge of G} spans σ ∈M trop0,n , then
we define the stratum
DG := δσ .
In addition, we have DG = Dσ ∩M 0,n under the embeddingM 0,n ↪→V (Σn). We denote this
cone σG.
Definition 1.2.6. For k ∈ [n], the tropical Psi-class Ψk ∈ TF∗(Σn) is the (n−4)-dimensional
tropical fan whose weights are 1 on σG and 0 otherwise. Here G runs over all (n−4)-edge
dual intersection graphs of genus 0, n-marked stable curves whose component containing
marked point k contains 4 special points.
A (n−4)-edge dual intersection graph G corresponds to a dimension 1 stratum ofM 0,n.
The weight on σG is the stratum’s intersection number with ψk which is 1 if G’s only 4-valent
vertex contains k and 0 if otherwise.
Let Vk := {rI|I ∈I ;k /∈ I, |I|= 2 or k ∈ I, |I|= n−2}. This is precisely the Vk in [30].
Proposition 1.2.7. [30, Lemma 2.3] For any k ∈ {1, ...,n}, the linear span of the set Vk
equals R(
n
2)−n.
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Proposition 1.2.8. [30, Lemma 2.4] The sum over all elements rI ∈Vk is 0 in R(
n
2)−n, i.e.,
∑
rI∈Vk
rI = 0 ∈ R(
n
2)−n.
Proposition 1.2.9. [30, Lemma 2.5] Any element in R(
n
2)−n has a unique representation by
elements in Vk where at least 1 coefficient is 0 while all the other coefficients are nonnegative,
i.e. there is a unique set of λI for v ∈ R(
n
2)−n such that
v = ∑
I:rI∈Vk
λIrI,
where λI ≥ 0 and λI = 0 for some I.
The unique representation is called the positive representation.
For any k ∈ [n], define fk : R(
n
2)−n → R as the linear extension of Vk ∋ rI 7→ 1. Here the
linear extension is via the positive representation, i.e. if the representation is v = ∑I:rI∈Vk λIrI ,
then
f (v) = ∑
I:rI∈Vk
λI.
Proposition 1.2.10.
fk ⌣ ∆=
(
n−1
2
)
ψk.
Proof. This is a rephrasing of [30, Proposition 3.5]. The idea will recur later so the sketch of
the proof in [30] is shown here.
The tropical fan ∆ has weight 0 on σ /∈M trop0,n so it suffices to consider the (n− 3)-
dimensional cones inM trop0,n . Let
Ik = {I|rI ∈Vk}.
Then elements in Ik can be viewed as dual intersection graphs with two vertices where one
vertex has valence 3 while k is attached to the other vertex.
k
Assume τ is a (n− 4)-dimensional cone corresponding to the graph G whose only 4-
valent vertex contains k. So one of the rays or edges attached to the vertex has to be k. Denote
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the set of marked points connected to the other 3 edges or rays by S1,S2 and S3. There are
exactly three (n−3)-dimensional cones σ1,σ2 and σ3 containing τ as a face. Then σi is the
cone corresponding to adding an extra edge to G such that Si and k lies on the same vertex
while marked points in the other two lies on the other.
k
graph G
S1 S2
S3
k
S1
S2
S3
graph associated to I1
Choose the vector rIi as the representative of uσi/τ where
Ii =
{
Si∪ k, 1 ∈ Si∪ k
(Si∪ k)c, 1 /∈ Si∪ k.
Notice the representation of rI by elements in Vk is
rI = ∑
J∈SI
rJ
where
SI =
{
{{i1, i2}c|i1, i2 ∈ Ic, i1 ̸= i2}, k ∈ I
{{1, i}|i ∈ I, i ̸= 1}∪{{i1, i2}c|i1, i2 ∈ I, i1 ̸= 1, i2 ̸= 1}, k /∈ I.
This is a rephrasing of [30, Lemma 2.7] which promises any element in SI is a set containing
1. So by definition the weight on τ is
fk(rI1)+ fk(rI2)+ fk(rI3)− fk(rI1 + rI2 + rI3)
=
(|S2|+ |S3|
2
)
+
(|S1|+ |S3|
2
)
+
(|S2|+ |S1|
2
)
− (
(|S1|
2
)
+
(|S2|
2
)
+
(|S3|
2
)
)
=
(|S1|+ |S2|+ |S3|
2
)
=
(
n−1
2
)
.
Now assume τ is a (n−4)-dimensional cone corresponding to the graph G whose only
4-valence vertex does not contain k. Again consider the 4-valence vertex. Denote the set of
marked points on each rays or edges attached to the vertex by S0,S1,S2 and S3 with k ∈ S0.
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So S0 ≥ 2. Again there are three (n−3)-dimensional cones σi containing τ as a face. The
for i = 1,2,3, choose the representative rIi of uσi/τ as
Ii =
{
Si∪S0, 1 ∈ Si∪S0
(Si∪S0)c, 1 /∈ Si∪S0.
Now because |S0| ≥ 2, there must be at least one vector in Vk missing in representation of
all three rIi . So the coefficients of representation of rI1 + rI2 + rI3 will be the sum of the
coefficients of the representation of rIi . By definition, fk will be linear on the space spanned
by rIi . So the weight on τ is 0.
After this representation of
(n−1
2
)
ψk as tropical fan of fk, we are able to intersect psi-
classes with each other. In particular, when we intersect n− 3 psi-classes on M trop0,n , the
weight at the origin coincides with the intersection number of the n−3 psi-classes onM 0,n.
Let the boundary divisors δI ofM 0,n be the stratum corresponding to I ∈I . If DI is the
codimension 1 stratum in V (Σn), then δI = i∗DI where i is the embeddingM 0,n ↪→V (Σn).
Let fI be the piecewise linear function defined by mapping rI to 1 while mapping all other rI
to 0. The definition of fI need to extend the value on rI to the whole space. For more detail,
see [7].
Proposition 1.2.11.
fI ⌣ ∆= YδI
where YδI is the tropical fan associated to δI .
Proof. By definition, the Cartier divisor fI maps to DI under the isomorphism CaCl(Σn)→
A1(V (Σn)). Apply Theorem 1.2.5 to the case δI for any σ ∈ Σ(n−4)n . The tropical fan fI ⌣ ∆
has weight δI ·δσ which is exactly the weight of YδI on σ
For examples of intersection numbers of Psi-classes onM trop0,5 andM
trop
0,6 , see [32, Exam-
ple 4.4] and [32, Example 4.5].
Example 1.2.12. We will intersect Psi-classes with boundary divisor onM 0,5 performed
onM trop0,5 . By symmetry, we only show ψ1 ⌣ δ{1,2} and ψ2 ⌣ δ{1,2,3}. The tropical fan ∆
associated to the fundamental class [M 0,5] assigns weight 1 to each 2-dimensional cone σG,
where G is a dual intersection graph looking like
.
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The set V1 is
{r{1,2,3}, r{1,2,4}, r{1,2,5}, r{1,3,4}, r{1,3,5}, r{1,4,5}}.
The intersection δ{1,2} ⌣ ∆ is a 1-dimensional tropical fan. The weight assigned to
r{1,2,i}, i = 3,4,5 is 1. Indeed, the weight is
ω(r{1,2,i}) = f{1,2}(r{1,2})+ f{1,2}(r{1,i})+ f{1,2}(r{1,3,4,5}\i)− f{1,2}(r{1,2,i})
= 1+0+0−0 = 1.
The weight assigned to r{1,2} is −1. Indeed, the weight is
ω(r{1,2}) = f{1,2}(r{1,2,3})+ f{1,2}(r{1,2,4})+ f{1,2}(r{1,2,5})− f{1,2}(r{1,2})
= 0+0+0−1 =−1.
The weight assigned to r{1,i}, i = 3,4,5 and
r{1,i, j}, i ̸= j, i, j ∈ {3,4,5}
is 0. Indeed, all of the 1-dimensional fans has f{1,2} value 0. Moreover, any 2-dimensional fan
σG contains one of the 1-dimensional fans has f{1,2} value 0, where G is a dual intersection
graph with 2 bounded edges.
The weight of the cone {0} of the intersection ψ1 ⌣ δ{1,2} ⌣ ∆ is 0. Indeed, the
positive representation for any r{1,2,i} is itself, so f1(r{1,2,i}) = 1, i = 3,4,5. The positive
representation for r{1,2} is r{1,2} = r{1,2,3}+ r{1,2,4}+ r{1,2,5}, so f1(r{1,2}) = 3. The positive
representation for ∑5i=3 r{1,2,i}+(−1)× r{1,2} is 0. In total, we have(4
2
)
ω({0}) = ∑5i=3 f1(r{1,2,i})+(−1)× f1(r{1,2})− f1(∑5i=3 r{1,2,i}+(−1)× r{1,2})
= 1+1+1+(−1)×3−0 = 0.
For the intersection δ{1,2,3}⌣ ∆, the weight assigned to r{1,i}, i = 2,3 is 1. Indeed, the
weight is
ω(r{1,i}) = f{1,2,3}(r{1,2,3})+ f{1,2,3}(r{1,i,4})+ f{1,2,3}(r{1,i,5})− f{1,2,3}(r{1,i})
= 1+0+0−0 = 1.
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The weight assigned to r{1,4,5} is 1. Indeed, the weight is
ω(r{1,4,5}) = f{1,2,3}(r{1,4})+ f{1,2,3}(r{1,5})+ f{1,2,3}(r{1,2,3})− f{1,2,3}(r{1,4,5})
= 0+0+1−0 = 1.
The weight assigned to r{1,2,3} is −1. Indeed, the weight is
ω(r{1,2,3}) = f{1,2,3}(r{1,2})+ f{1,2,3}(r{1,3})+ f{1,2,3}(r{1,4,5})− f{1,2,3}(r{1,2,3})
= 0+0+0−1 =−1.
The weight assigned to r{1,4}, r{1,5} and
r{1,i, j}, i ∈ {2,3}, j ∈ {4,5}
is 0 for similar reason. Indeed, all of the 1-dimensional fans has f{1,2,3} value 0. Moreover,
any 2-dimensional fan σG contains one of the 1-dimensional fans has f{1,2,3} value 0, where
G is a dual intersection graph with 2 bounded edges.
The weight of the cone {0} of the intersection ψ1 ⌣ δ{1,2,3} ⌣ ∆ is 1. Indeed, the
positive representation for any r{1,i, j} is itself for i ̸= j, so f1(r{1,4,5}) = f1(r{1,2,3}) = 1. The
positive representation for r{1,i}, i= 2,3 is r{1,i} = r{1,2,3}+ r{1,i,4}+ r{1,i,5}, so f1(r{1,i}) = 3.
The positive representation for r{1,2}+ r{1,3}+ r{1,4,5}+(−1)× r{1,2,3} is 0. In total, we have(4
2
)
ω({0}) = ∑3i=2 f1(r{1,i})+ f1(r{1,4,5})+(−1)× f1(r{1,2,3})
− f1(∑3i=2 r{1,i}+ r{1,4,5}+(−1)× r{1,2,3})
= 3+3+1+(−1)−0 = 6.
All the calculation matches the classical calculation onM 0,5 where ψ1 ⌣ δ{1,2} = 0 and
ψ1 ⌣ δ{1,2,3} = 1.
Chapter 2
The moduli space of twisted curvesM η
In this chapter we will recall the definition of the moduli stack M η of étale covers. We
then focus on the intersection theory onM η . In particular, we are interested in the relation
between the intersection theory onM η and the intersection theory onM 0,n.
2.1 The moduli stackM η
In this section we recall the definition ofM η and some related results.
Let I be a finite set with n elements and let m : I → Z>0 be a function.
Definition 2.1.1. A genus g (balanced) twisted nodal n-marked curve over a scheme U is a
diagram
C //
&&
C

U× I //U×∏i∈I Bµm(i)
?
OO
//U
where
• scheme U is of finite type.
• The stack C is a proper separated flat DM stack over U , étale locally a nodal curve
over U .
• The map C →C exhibits C as the coarse moduli space of C , and C is connected of
genus g.
• The morphism U ×∏i∈I Bµm(i) ↪→ C is an embedding of a disjoint union of trivial
µm(i)-gerbes into C , and U× I →U×∏i∈I Bµm(i) are sections of these gerbes.
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• The morphism C →C is an isomorphism away from the nodes and marked points of
C.
• Étale locally near a node of C , the morphism C →U looks like
(SpecA[u,v]/(uv− t))/µr → SpecA
where r ∈ N, t ∈ A while the group of r-th roots of unity µr acts on A[u,v]/(uv− t) by
u→ lu,v→ l−1v with l ∈ µr.
This definition comes from [12] and is originally due to [4] with more details in [5].
Intuitively, a twisted nodal curve is an ordinary curve with the nodes and marked points
replaced by
(SpecA[u,v]/(uv− t))/µr → SpecA
and
(SpecA[u])/µm(i)→ SpecA.
The multiplicity is the value m(i) at the marked point i and r at the node locally being
(SpecA[u,v]/(uv− t))/µr.
A twisted nodal curve C is stable if its coarse moduli space C is, i.e., on each irreducible
curve component D of C,
2gD−2+#Nodes+#Marked points > 0.
Definition 2.1.2. The moduli stackM g,I,m is the category of genus g stable twisted nodal
curves with n points marked by I and orbifold structure given by m.
This is the same as the moduli stack Mg,I,m,a in [12, Chapter 2] if we take A = 0,a = 0.
LetM g,I be the Deligne-Mumford moduli space of stable genus g, n-marked curves where
n = #I. For a standard introduction aboutM g,I , see [15]. There is a map
M g,I,m →M g,I
which associates to a twisted curve its coarse moduli space.
We need some extra notation in order to label the stack of étale covers of twisted nodal
curves and some substacks ofM g,I,m. We will introduce twisted graphs, which are ordinary
graphs with extra functions recording the orbifold structure. When used as labels, the twisted
graphs are used to specify the dual intersection graphs of twisted nodal marked curves. The
2.1 The moduli stackM η 31
twisted graphs will also serve as the underlying graphs of twisted tropical curves, which we
will discuss later.
Definition 2.1.3. A graph G consists of the data:
• two finite sets vertices V (G) and flags F(G);
• a root map rG : V (G)⊔F(G)→V (G) which is identity on V (G); and
• an involution ιG : V (G)⊔F(G)→V (G)⊔F(G) which is identity on V (G).
This definition is originally due to [40] and expanded in [9]. The involution ιG partitions
F(G) into sets { f , ιG( f )} of size 1 or 2. The sets of size 1 form the unbounded edge (or leg)
set L(G) while the sets of size 2 form the edge set E(G). A loop is a finite edge { f , ιG( f )}
such that rG( f ) = rG(ιG( f )).
A morphism of graphs g : G1 → G2 is a map of V ⊔F preserving the graph structure.
Explicitly, the morphism g commutes with r, ι and maps legs to legs. Hence a morphism g
must map vertices to vertices, legs to legs and edges to edges or vertices. If one flag of an
edge maps to a vertex, then the other flag of the edge must map to the same vertex because
the morphism commutes with ι . If a flag maps to a vertex, then the flag’s root maps to the
same vertex because the morphism commutes with r.
A vertex weighting on a graph G is a function h : V (G)→ N. The genus of the weighted
graph (G,h) is G’s first Betti number plus the weight at each vertex, i.e.,
g(G,h) = b1(G)+ ∑
v∈V (G)
h(v).
A marking on a graph G by a finite set I is a bijection
I
∼=−→ L(G).
The type (g, I) of a weighted marked graph consists of the genus g and the marking I.
Two graphs are of the same type if they are of the same genus and are marked by the same
finite set. For n ∈ N>0, define
[n] := {1, ...,n}.
The type (g, [n]) is usually denoted by (g,n) when there is no ambiguity.
A morphism of weighted marked graphs is a morphism of the underlying graphs.
A contraction f : (G1,h1, I)↠ (G2,h2, I) is a morphism of weighted marked graphs of
the same type such that
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• the underlying map fG : G1 → G2 is a graph morphism and is surjective;
• the underlying map fG commutes with the marking;
• the weight h2(v2) on vertex v2 is the genus of f−1G (v2) under the weighting h1.
A contraction contracts some edges and their roots to one vertex as the name indicates. The
set of contracted edges are denoted by E( f ).
The dual intersection graph of a genus g nodal curve C marked by set I is a weighted
marked graph of type (g, I) whose vertex set V is the set of irreducible components of C; leg
set L is the marking set I; edge set E is the set of nodes. More explicitly, the flag set is the
union of L and two copies of E. If the node e is contained in two components, then the roots
of the two copies of e are the two corresponding components in V . If the node e is contained
in only one component, then the roots of the two copies of e are both the corresponding
component in V . The root of the leg l is the component in V containing the marked points l.
The involution maps l to l and maps one copy of e to the other. The weighting on V is the
genus of the component. The marking is the identity I =−→ L.
In the perspective of dual intersection graph, a contraction is the process of smoothing
the nodes corresponding to the contracted edges. A nodal curve C is connected if and only if
the dual intersection graph of C is connected. The type of a nodal curve C is the same as the
type of the dual intersection graph of C.
Definition 2.1.4. A twisted graph is a connected weighted, marked graph (G,h, I) with an
extra function m : I⊔E(G)→ N.
The coarse moduli graph r(Γ) of a twisted graph Γ is simply the underlying weighted
marked graph without the extra function. The genus of a twisted graph Γ is the genus of
r(Γ).
A morphism of twisted graphs f : Γ1 = (G1,h1, I1,m1)→ Γ2 = (G2,h2, I2,m2) is a mor-
phism of underlying weighted marked graphs r( f ) : r(Γ1)→ r(Γ2). The type of a twisted
graph Γ= (G,h, I,m) is the triple (g, I,m|I : I → N>0), i.e., the type (g, I) of r(Γ) with the
restriction of m on the set I. A contraction of twisted graphs is a morphism of twisted graphs
of the same type which is a contraction on the coarse moduli graphs. The set of contracted
edges of the contraction f is again denoted by E( f ).
The dual intersection graph of a twisted nodal curveC marked by I is the dual intersection
graph Γ= (G,h, I) of the coarse moduli space C with the extra function m : I⊔E(G)→N>0
such that m|I is the same as the function I → N>0 defining C and m(e) = r if étale locally
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near the node corresponding to e, the twisted curve C looks like
(SpecA[u,v]/(uv− t))/µr.
The extra function m indicates the orbifold structures at nodes and marked points. Similar
to the case of nodal curves, the type of the dual intersection graph of a twisted nodal curve C
is the same as the type of the twisted nodal curve C .
The valence Val(v) of a vertex v is the number of flags rooting at v. A weighted marked
graph (G,h, I) is stable if at each vertex v ∈V (G),
2h(v)−2+Val(v)> 0.
A twisted graph Γ is stable if and only if the coarse moduli space r(Γ) is stable. By definition,
a marked nodal curve or a twisted marked nodal curve is stable if and only if its dual
intersection graph is stable.
Let V be a DM stack and BSn be the classifying stack of the symmetric group Sn.
Proposition 2.1.5. The 2-groupoid HomRep(V,BSn) of representable maps V → BSn is
equivalent to the 2-groupoid of proper, separated surjective, and étale of degree n morphism
V ′→V with the inertia groups of V acting faithfully on the fibres of V ′→V .
Proof. This is a special case of [12, Corollary 2.2.2]. We recall the correspondence to help
understanding.
Giving a map V → BSn is the same as giving an Sn-bundle P→V . Define
V ′ := P×Sn {1, ...,n}.
Then V ′→V is the étale morphism.
Given a proper, separated surjective, and étale of degree n morphism V ′→V , one recovers
P from V ′ as the sheaf on the small étale site of V ,
P := Isoet(V ′,V ×{1, ...,n}).
Then P is an étale locally trivial principal Sn-bundle over V , which gives a morphism
V → BSn.
Example 2.1.6. Consider V ′→V where V is the classifying stack BZ2. Assume first V ′ is
V ×{1,2} with the morphism being the first projection. The associated map V → BS2 is not
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representable. Indeed, we have the Cartesian diagram
P //

V

pt // BS2.
When n = 2, we have P ∼= V ′ which is not an algebraic space. Let us look at the fibered
product pt×V V ′ = pt×{1,2}. The inertia group Z2 acts trivially on the underlying point.
Because V ′→V is trivial, the inertia group action on pt×{1,2} is trivial hence not faithful
on the fibers of V ′→V .
Now assume V ′→V is from a point to BZ2. If we identify Z2 with S2, then the associated
map V → BS2 is an isomorphism which is representable. Indeed, the same Cartesian diagram
shows the map P→ pt is an isomorphism because P∼=V ′ is a point now. The fibered product
pt×V V ′ is again two points. But the non-identity element of the inertia group Z2 sends one
point to another. Hence the inertia group acts faithfully on the fibers of V ′→V .
Proposition 2.1.7. Given mi such that mi|mt , i = 1,2, ...,k, there is a natural morphism
∏
i
BZmi → BZmt .
Then the associated morphism
BZmt → BSn,n :=∑
i
mt
mi
is representable if and only if the least common multiple lcm(mtm1 , ...,
mt
mk
) is equal to mt .
Proof. Let di be mtmi . Consider the fibered product {1, ...,di} = pt×BZmt BZmi. The inertia
group Zmt acts on the set {1, ...,di} as 1→ (12...di) ∈ Sdi . So the inertia group acts faithfully
on the fibers of ∏i BZmi → BZmt if and only if lcm(d1, ...,dk) is equal to mt , i.e., the least
common multiple lcm(mtm1 , ...,
mt
mk
) is equal to mt .
Definition 2.1.8. An étale cover over U is a degree n étale surjective morphism f : C ′→ C
between two twisted nodal curves marked by I′, I respectively over U such that
• the diagram
I′×U //

C ′

I×U // C
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is Cartesian over U ;
• the map C → BSn associated to the étale map C ′→ C is representable.
The condition of Cartesian diagram implies that the marked points of C ′ are precisely
the points lying over marked marked points of C . That f is étale implies nodes of C ′ are the
points lying over nodes of C .
Definition 2.1.9. A graph cover (G,h, I,m)→ (G′,h′, I′,m′) is a morphism of twisted graphs
π : G→ G′ such that
• it maps vertices to vertices and flags to flags;
• (Degree) define the degree d(v,e′) of flag e′ ∈ F(G′) with respect to v ∈ π−1(rG′(e′))
to be
∑
e∈F(v)∩π−1(e′)
m′(e′)
m(e)
.
Then d(v,e′1) = d(v,e
′
2) if rG′(e
′
1) = rG′(e
′
2) or e
′
1 = ιG′(e
′
2). Define d(v,v
′) := d(v,e′),
where r(e′) = v′;
• (Hurwitz Formula) for each v and v′ = π(v), the covering satisfies
2h(v)−2 = d(v,v′)(2h′(v′)−2)+ ∑
e∈F(v)
(
m′(e′)
m(e)
−1);
• (Representability) the multiplicity of flag m′(e′) on the target curve is the least common
multiple of m
′(e′)
m(e) , where e ∈ π−1(e′).
The degree of a graph cover is the sum ∑v∈π−1(v′) d(v,v′) for any fixed v′ ∈V (G′).
The conditions for graph cover come from étale cover. Indeed, to an étale cover f : C ′→
C , we can associate a natural morphism Γ′→ Γ of the dual intersection graphs of C ′ and C .
The morphism Γ′→ Γ is called the dual intersection graph of C ′→ C .
Proposition 2.1.10. The dual intersection graph Γ′ → Γ of étale cover f : C ′ → C is a
graph cover.
Proof. The preimage of each geometric point of C has the same cardinality when counted
with multiplicity because f is étale and proper. The multiplicity at point e′ ∈ f−1(e) is
exactly m(e)m′(e′) . So the degree condition holds.
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The morphism C′→C of coarse moduli spaces of C ′→ C satisfies the Hurwitz Formula.
So the Hurwitz Formula condition holds.
The representability requirement originates from the fact that étale covers satisfy the
representable condition in the Definition 2.1.8. Indeed, the representable condition states
the morphism C → BSn associated to C ′→ C is representable, which is equivalent to the
statement involving least common multiple by Proposition 2.1.7.
Given a graph cover Γ, usually we denote the source twisted graph by Γs and the target
twisted graph by Γt .
A contraction f : Γ′↠ Γ of graph covers is a commutative diagram of twisted graph
morphisms
Γ′s
fs // //
π ′

Γs
π

Γ′t
ft // // Γt
where both fs and ft are contractions and π ′−1(E( fs)) = E( ft). The convention is E( f ) :=
E( ft).
Definition 2.1.11. Given a weighted marked graph (respectively twisted graph, graph cover)
η , the moduli stackM η is the category of nodal curves (respectively twisted nodal curves,
étale covers) C such that the dual intersection graph Γ of each geometric fiber of C has a
contraction Γ↠ η .
Remark 2.1.12. The moduli stacks defined here appear in [12] as well. Given a graph cover
η where ηt has 1 vertex and no edges, the moduli stackM η defined here is precisely the
moduli stack Mη in [12]. For general η , the moduli stackM η is the closed substack ofM η0
where η0 is obtained via contracting all the edges of η . Let f : η → η0 be the contraction.
Then the moduli stackM η here is denoted as M f in [12].
The moduli stack MG can represent the moduli stack M g,n or M g,I,m if G is chosen
carefully. Indeed, the moduli stack MG is precisely the moduli stack M g,n of genus g,
n-marked stable curves if G is the weighted marked graph with only 1 vertex v weighting
g and precisely n flags rooting at v marked by [n]. Similarly, the moduli stack MG is the
moduli stack M g,I,m if G is the twisted graph with the flags marked by I attaching to the
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only vertex weighting g; the extra function on G matches m.
v m(i)
Theorem 2.1.13. Let H be a weighted marked graph, twisted graph or graph cover. Then
the moduli stackMH is algebraic.
Proof. Let H ↠ η be the contraction where η has no edges. If H is a weighted marked
graph, thenM η isM g,n for some g and n, clearly algebraic. If H is a twisted graph, then
M η is algebraic by [4, Theorem 2.1.7]. If H is a graph cover, thenM η is algebraic by [12,
Proposition 2.3.1].
We will define the functor i :MH →M η making MH a subcategory of M η . Any
family in MH is naturally a family in M η because the composition of contractions is a
contraction. We define i as the natural mapMH →M η . Moreover, the moduli stackMH is
a closed substack ofM η under i. Indeed, given a morphism from a scheme U →M η , the
fiber product U×M ηMH is exactly the closed subscheme of U where the dual intersection
graph of the geometric fiber has a contraction to H. SoMH is algebraic.
Proposition 2.1.14. The moduli stackMG is a closed substack ofMH if there is a contrac-
tion G→ H.
Proof. The moduli stackMG is a strictly full subcategory ofMH . Given a morphism from
a scheme U →MH , the fiber product U×MH MG is the scheme where the dual intersection
graph of the geometric fiber has a contraction to G which is a closed subscheme of U .
There are several natural morphisms between the moduli stacksM η .
Given a graph cover Γ, the morphism s :M Γ →M Γs maps the étale cover C ′ → C
to the source twisted nodal curve C ′. The morphism t :M Γ→M Γs maps the étale cover
C ′→ C to the target twisted nodal curve C .
Given a twisted graph G whose coarse moduli graph is r(G), the morphism r :MG →
M r(G) map the twisted nodal curve C to its coarse moduli curve C.
Proposition 2.1.15. Given a graph cover H with no edges, the target map t :MH →MHt
is étale .
Proof. This is a rephrasing of [12, Proposition 2.3.1].
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2.2 Hurwitz numbers
In this section we review Hurwitz numbers and the degeneration formula. The Hurwitz
numbers play an important role in pulling back cycles fromMGt toMG.
In [26], Hurwitz initiated the study on coverings of the form C → P1 where C is another
curve. Hurwitz numbers count the coverings with specified multiplicity conditions. Hurwitz
numbers can be calculated as intersections of natural classes onM g,n [13]. Hurwitz numbers
are crucial in the calculation of the degreeMG →MGt .
Assume π : D → C is a cover of connected smooth curves. Given a partition µ =
(µ1, ...,µs) and p ∈C with π−1(p) marked by q1, ...,qt , the ramification profile over p is µ
if and only if s = t and the ramification is µi at each qi.
Definition 2.2.1. Fix r points p1, ..., pr on a smooth genus 0 curve C and r partitions
µ1, ...,µr of an integer d > 0. The local Hurwitz number
h(µ1, ...,µr)
is the weighted number of degree d covers of smooth connected curves π : D → C with
ramification profile µ i over pi and no ramifications elsewhere. Each cover is weighted by
1/|Aut(π)|.
Notice that all π−1(pi) on D are marked as well. An element in |Aut(π)| has to map the
marked points to themselves. This definition is the same as the definition in [10, 3.2.4], i.e.
the local Hurwitz number hg→0,d (⃗µ). The only difference between the classical Hurwitz
numbers and the local Hurwitz numbers is whether D is marked. The classical Hurwitz
number is the local Hurwitz number divided by the number of ways to mark. For example,
the partition (2,2) has 2 choices of marking and the partition (3,2,2,2) has 6 choices given
by different ways of marking the 3 points of ramification 2.
There is close connection between classical Hurwitz numbers and symmetric groups
through monodromy representations. For more detail, see [11]. The classical Hurwitz
numbers can be calculated through combinatorics of symmetric groups. Moreover, the dual
intersection graph of D→C contains all the information for the local Hurwitz numbers. We
have the following equivalent definition.
Let G = (π : Gs → Gt) be a graph cover where Gt is of genus 0 with no edges and n legs.
This implies Gt and Gs both have only 1 vertex vs and vt respectively. For any flag f of vt ,
the integer sequence
(
m( f )
m( f ′)
),∀ f ′ ∈ π−1( f )
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defines a partition of the degree d(vs) of vs → vt , and hence a conjugacy class C f ⊂ Sd(vs).
Let χ(vs) be the set of tuples
{(σ f1, ...,σ fn)|σ fi ∈C fi,
n
∏
i=1
σ fi = id, the subgroup generated by the σ fi is transitive}.
Definition 2.2.2. Let Q be a set of some graphs and some functions on legs. Define the
automorphism groups Aut(G|Q) as the group of automorphisms of G which fix the elements
in Q.
The G can be a graph, a twisted graph or a graph cover. For example, given a graph
cover G and Q = {Gt ,ms}, the group Aut(G|Q) = Aut(G|Gt ,ms) consists of the automor-
phisms of G which is identity on Gt and preserves the twisted degree ms on Gs. The order
#Aut(G|Gt ,ms) is precisely the number of different possible source curve markings given a
ramified covering of the marked sphere.
Definition 2.2.3. The local Hurwitz number H(vs) is
#χ(vs) ·#Aut(G|Gt ,ms)
d(vs)!
.
The part #χ(vs)d(vs)! is equal to the classical Hurwitz number.
Now assume Gt is of genus 0. In particular, the roots of any two legs forming an edge are
different, i.e. there is no loop edge in Gt . Define the local Hurwitz number
H(v) := ∏
vs∈π−1(v)
H(vs),
where v is a vertex of Gt . The local Hurwitz number H(vt) is calculated with all legs of vs
and vt marked, i.e., the number H(vt) counts different marked coverings of type
∏vs → vt .
In consistency with Definition 2.2.2, the automorphism group Aut(G|L(Gs),L(Gt),ms,mt)
is the group of automorphisms of the graph cover Gs → Gt which are the identity on the legs
L(Gt) and L(Gs) and commute with the twisted degree ms and mt . When g(Gt) is equal to 0,
the group Aut(G|L(Gs),L(Gt),ms,mt) is the same as the group Aut(G|Gt ,L(Gs),ms) which
contains automorphisms fixing Gt , L(Gs) and ms because Gt is fixed if and only if L(Gt) and
mt are. There are exactly #Aut(G|Gt ,L(Gs),ms) ways to label the edges of Gs. Let
dG :=
∏e∈E(Gt)m(e)
#Aut(G|L(Gs),L(Gt),ms,mt) ∏v∈V (Gt)
H(v).
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We will see dG is the degree for the étale morphism t :MG →MGt .
Proposition 2.2.4. The pushforward of [MG] under the map r ◦ t is
r∗t∗[MG] =
dG
∏l∈L(Gt)m(l) ·∏e∈E(Gt)m(e)
[M r(Gt)].
Proof. Let the graph cover G(v) be the graph with vertices ∏vs∈π−1(v) vs → v and flags
rooting at vs and v given a vertex v ∈V (Gt).
There is a commutative diagram of morphisms
∏v∈V (Gt)MG(v)
f

t ′ // ∏v∈V (Gt)MG(v)t
g

r′ // ∏v∈V (Gt)M r(G(v)t)
h

MG t
//MGt r
//M r(Gt).
By [12, Chapter 4], the vertical morphisms are étale of degree
|| f ||= #Aut(G|L(Gs),L(Gt),ms,mt)
∏e∈E(Gt)m2(e)
,
||g||= #Aut(Gt |L(Gt),mt)
∏e∈E(Gt)m(e)
and
||h||= 1.
The morphism t ′ is étale of degree
∏
v∈V (Gt)
H(v).
Recall that #Aut(Gt |L(Gt),mt) = 1 when Gt is of genus 0. So t is of degree
∏e∈E(Gt)m(e)
#Aut(G|L(Gs),L(Gt),ms,mt) ∏v∈V (Gt)
H(v) = dG.
The degree of r′ is
∏
v∈V (Gt)
∏
l∈L(G(v)t)
1
m(l)
= ∏
l∈L(Gt)
1
m(l)
· ∏
e∈E(Gt)
1
m2(e)
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by the automorphism calculation [12, Section 2.6]. So
r∗t∗[MG] =
dG
∏l∈L(Gt)m(l) ·∏e∈E(Gt)m(e)
[M r(Gt)].
Proposition 2.2.5. Given graph cover G, let H ↠ Gt be a contraction. Define the set
S := {G′|∃ f : G′↠ G,G′t = H}.
Then we have
dG = ∑
G′∈S
dG′.
Proof. Recall that dG is the degree of the étale morphism t :MG →MGt as in the proof of
Proposition 3.3.2. Because t is étale , we have
t∗[MH ] = ∑
G′∈S
[MG′].
So the sum ∑G′∈S dG′ is the degree of t overMH ⊂MGt .
2.3 Intersection theory onM η
In this section we will review the definition of the Psi-classes and some results about the
pullback of cycles onM η in [12]. Most importantly, given a graph cover H with Ht of genus
0, the intersection computation onMH can be transferred toM r(Ht), which is the moduli
space of stable rational curves.
We recall the definition of Psi-classes from [12, Section 2.5]. Given a (twisted) graph G,
let l ∈ L(G) be one of the legs. There is a section
σl :MG → CG,
where π : CG →MG is the universal curve. Define
Ll := σ∗l ωπ
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to be the relative cotangent bundle which is the tautological line bundle. Given a graph cover
H and l ∈ L(Hs) (or l ∈ L(Ht)) the tautological line bundle Ll is the pullback fromMHs (or
MHt ). If l
′ maps to l in the graph cover, then Ll′ = Ll .
Definition 2.3.1. The psi-class ψl associated to the leg l is
ψl := c1(Ll).
Given a contraction G→ H, the moduli stackMG is a closed substack ofMH . There is
a cycle [MG] ∈ A∗(MH) by [19, Chapter 4].
Proposition 2.3.2. The morphismMG →M r(Gt) is flat, proper and quasi-finite for a graph
cover G with no edges in Gt .
Proof. Assume G is a graph cover of degree d and r(Gt) is of type g,n.
The morphismBbalg,n(Sd)→M g,n is flat, proper and quasi-finite by [4, Corollary 3.0.5].
Here Bbalg,n(Sd) is the stack of balanced twisted stable maps of type g,n to BSd . We can
associate an étale cover of degree d to each stable maps by Proposition 2.1.5. So by [12,
Lemma 2.4.2],
∏
H:r(Ht)=r(Gt)
MH ∼=Bbalg,n(Sd),
i.e., the stackBbalg,n(Sd) is the disjoint union of moduli stacksMH of all possible graph covers
H. ThenMH →M g,n must be flat, proper and quasi-finite for any H with r(Ht) being of
type g,n.
Now we can pull back cycles fromM r(Gt) toMG for a graph cover G.
Proposition 2.3.3. Let η be a graph cover where ηt has 1 vertex and no edges. Assume
f : H ↠ r(ηt) satisfies #E( f ) = 1. Then
t∗r∗[MH ] = ∑
g:H ′↠η
m(e)[MH ′],
where the sum is over g : H ′↠ η such that r(g) = f , and e ∈ E(g) is the unique element.
Proof. The pull back by r∗ is given in [12, Lemma 4.0.2] where the factors m(e) come from
the fact that r :M ηt →M r(ηt) has ramification x 7→ xm(e) along the divisorMG where e is
the unique element in E(G).
The pull back via t∗ is straightforward because t is étale .
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The notation ψl is abused for simplicity. The ψl is either the psi-class associated to the
leg l ∈ L(Gt) or the psi-class associated to the image of l in L(r(Gt)), depending on where
ψl sits as implied by the equations.
Proposition 2.3.4. For the psi-class ψl , the pullback
t∗r∗ψl = m(l)ψl.
Proof. The tautological line bundle satisfies r∗Ll = L
⊗m(l)
l [12, Section 2.5]. By definition,
the tautological line bundle t∗Ll = Ll. So t∗r∗ψl = m(l)ψl.
Given an edge e = { f1, f2} of a twisted graph G where f1, f2 are the two flags of e, the
tautological line bundle Le onMG is the tensor L f1 ⊗L f2 . To be more precise, consider the
twisted nodal curve
CU →U
defining U →MG, locally the section given by the node e gives two tautological line bundles
L f1 and L f2 on U . The line bundle Le is then the tensor of L f1 and L f2 . This is the same as
the Le defined in [12, Chapter 4]. For graph cover H, if e ∈ E(Hs) (or e ∈ E(Ht)), then Le is
the pull back fromMHs(orMHt ). The first Chern class of Le is denoted by
ψe = c1(Le).
Suppose we have a diagram of contractions
H ′′
g

H ′
f // // H
,
then [MH ′′ ] and [MH ′] are cycles in A∗MH . We want to calculate their intersections. For
simplicity we assume #E(g) = 1, i.e., the cycle [MH ′′ ] is a divisor.
Proposition 2.3.5. If there exists a contraction H ′↠ H ′′, thenMH ′ ⊂MH ′′ . The intersec-
tion
[MH ′].[MH ′′ ] =−ψe ⌣ [MH ′] ∈ A∗MH ′.
Otherwise,
[MH ′].[MH ′′] =∑
G
[MG]
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where G satisfies #E(Gt) = #E(H ′t )+1 and makes the diagram
G // //

H ′′
g

H ′
f // // H
commutes.
Proof. This is essentially [12, Lemma 4.0.1].
Chapter 3
Tropical intersection theory onM tropη
In this chapter, we study the ψ-classes and boundary divisors on the cone stacksM tropη of
twisted coverings. Recall that in order to talk about tropical cycles we first tropicalizeM 0,n
to get the fanM trop0,n . ThenM
trop
0,n is embedded into R
(n2)−n and viewed as subfan of Σn. We
will tropicalizeM η to get a cone stackM
trop
η . Instead of having an embedding into some
RN , the cone stack M tropη has a map to RN which behaves like an étale morphism. This
property makes intersection theory onM tropη possible.
3.1 Tropicalization
In this section we will study the tropicalization of the moduli space of stable curvesM g,n
and of the moduli space of coverings of twisted stable curvesM η .
TropicalizingM 0,n helps to embedM 0,n into a toric variety. Moreover, the tropicaliza-
tion translates the usual intersection calculation onM 0,n into tropical intersection calculation
onM trop0,n .
There are different ways to tropicalize which leads to different tropicalizations. The
tropicalization ofM η via Berkovich space is studied in [10]. A set-theoretic tropicalization
is studied in [1]. Tropicalization ofM g,n via logarithmic structure can be done by putting
log structure onM g,n [23].
Here we take the approach in [9] and define the tropicalization space as a cone stack.
Note thatM trop0,n is not only the tropicalization ofM 0,n but also the moduli space of genus 0
stable tropical curves with n marked points. To generalize, we take the moduli spaceM tropg,n of
tropical stable curves and the moduli spaceM tropη of type η coverings as the tropicalization
ofM g,n andM η respectively. The moduli spaceM
trop
g,n is a cone stack [9]. We will review
some of their results and apply them to defineM tropη .
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Let σ ⊂ NR be a rational polyhedral cone with dual monoid Sσ := σ∨∩M where M is
the dual of N. Denote Sσ\{0} by S∗σ .
Definition 3.1.1. [9, Definition 3.2] A tropical curve Γ = (G,d) over σ is a connected
weighted marked graph G with a function d : E(G)→ S∗σ .
The function d is called the metric on Γ. A tropical curve is of genus g with n marked
points if the genus of G is g and L(G) is marked by [n]. A tropical curve is stable if the
underlying weighted marked graph is stable. When there is no ambiguity, we simply write Γ
for a tropical curve. The underlying weighted marked graph is denoted by G(Γ).
A morphism f : Γ1 → Γ2 of tropical curves over σ1 and σ2 respectively is an isomorphism
G( f ) :G(Γ1)→G(Γ2) of marked weighted graphs preserving weighting and marking and a
morphism fσ : σ1 → σ2 of rational polyhedral cones such that for each edge e in G(Γ1), the
edge length d1(e) = f∨σ ◦d2 ◦G( f )(e), where f∨σ : σ∨2 → σ∨1 is the dual function of fσ .
Definition 3.1.2. [9, Section 2.1] The category RPCZ is the category of rational polyhedral
cones (N,σ) such that Sσ = σ∨∩M is sharp with morphisms being Z-linear morphisms of
rational polyhedral cones.
A morphism τ → σ in RPCZ is said to be a face morphism if it induces an isomorphism
of τ onto a face of σ .
Definition 3.1.3. [9, Definition 2.1] A (rational polyhedral) cone complex Σ is a collection
of cones C = {σα} in RPCZ together with a collection of face morphisms F = {φαβ :
σα → σβ} closed under composition such that the following three axioms are fulfilled:
(i) The identity map idα : σα → σα is inF .
(ii) Every face of a cone σβ is the image of exactly one face morphism φαβ inF .
(iii) There is at most one morphism σα → σβ between two cones σα and σβ inF .
Denote the category of (rational polyhedral) cone complex by RPCCZ. This is equivalent
to the category of rational polyhedral cone complexes in [1]. The collection F of face
morphisms tells whether σα is a face of σβ .
The morphism f :Σ1→Σ2 in RPCCZ is given by choosing a morphism fα1α2 :σα1 →σα2
on each cone in Σ1 which does not factor through any proper face τ of σα2 and compatible
with the collectionsF1 andF2. The compatibility means that for every φα1β1 ∈F1, there
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exists φα2β2 : σα2 → σβ2 ∈F2 making the diagram
σα1
fα1α2 //
φα1β1

σα2
φα2β2

σβ1
fβ1β2 // σβ2
commute.
A morphism f : Σ1 → Σ2 of cone complexes is called strict if the morphisms fα1α2 :
σα1 → σα2 are all isomorphisms.
Remark 3.1.4. Roughly speaking, the face morphisms are like étale morphisms while the
strict morphisms are like smooth morphisms in the familiar theory of algebraic spaces and
algebraic stacks. So similar to the étale site, there is τ f ace site on RPCCZ. The theory for
cone stacks and cone spaces is in [9, Chapter 2]. For more detail, see e.g. [43, Section 1.3.2].
Fix a stable weighted marked graph G, consider the functor
UG : RPC
op
Z →Groupoids
that associates to a rational polyhedral cone σ the groupoid whose objects are pairs (Γ,φ)
consisting of a tropical curve Γ over σ and a contraction φ : G↠ G(Γ). The functor UG
determines a stack over (RPCCZ,τ f ace), also denoted by UG, whose fiber over a rational
polyhedral cone σ is UG(σ).
Proposition 3.1.5. [9, Lemma 3.4] The stack UG is represented by the rational polyhedral
cone σG = R
E(G)
≥0 .
Definition 3.1.6. [9, Definition 3.3] The stackM tropg,n is the stack over RPCCZ whose fiber
over a cone σ is the groupoid of genus g, n-marked stable tropical curves over σ .
Here we only specify the fiber over all rational polyhedral cones. The stackM tropg,n over
RPCCZ is well-defined by Proposition 3.1.7.
Proposition 3.1.7. [9, Proposition 2.3] The 2-category of stacks on RPCCZ is equivalent to
the 2-category of categories fibered in groupoids on RPCZ via the natural restriction.
Definition 3.1.8. A cone space is a sheaf X : RPCCZ → Sets that fulfills the following
conditions:
• The diagonal morphism ∆ : X → X×X is representable by cone complexes in RPCCZ.
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• There is a representable strict morphism U → X from a cone complex U that is
surjective.
Definition 3.1.9. A cone stack is a stackX over RPCCZ that fulfills the following condi-
tions:
• The diagonal morphism ∆ :X →X ×X is representable by cone spaces.
• There is a representable strict morphism U →X from a geometric space U that is
surjective.
Proposition 3.1.10. [9, Theorem 1] The stackM tropg,n is a cone stack.
Here is the groupoid representation forM tropg,n from [9, Section 3.3]. By definition, the
stack M tropg,n is covered by U =
∏
GUG, where G runs over all genus g, n-marked graphs.
Moreover, the cover U →M tropg,n is strict and representable[9, Lemma 3.5]. So there is
a groupoid presentation of M tropg,n ∼= (R ⇒ U ), where R = U ×M tropg,n U . The space R
decomposes as a disjoint union
R =
∏
G1,G2
RG1,G2, where RG1,G2 =UG1 ×M tropg,n UG2 .
The space RG1,G2 is represented by a cone complex consisting of C(S1,S2,φ) ∼= RE(G1/S1)≥0
indexed by (S1 ⊂ E(G1),S2 ⊂ E(G2),φ : G1/S1
∼=−→ G2/S2), where Gi/Si is the graph Gi
contracting its edges Si.
Proposition 3.1.11. The cone stackM trop0,n is a cone complex. Moreover, the cone complex
M trop0,n consists of all the cones UH for type 0,n weighted marked graph H with UH being a
face of UG if and only if there is a contraction G↠ H.
Proof. Consider the relation RG1,G2 consisting of the cones C(S1,S2,φ). Notice that given
Gi and Si, there is at most one φ because the genus is 0. So there is no orbifold structure on
M trop0,n . HenceM
trop
0,n is a cone complex. The statement about the face morphisms follows
from the groupoid representation.
We will generalize this definition to twisted tropical curves. We will also define tropical
étale covers and discuss the moduli stack of the covers.
Definition 3.1.12. Given a rational polyhedral cone σ ⊂ NR, a twisted tropical curve Γ=
(G,d) over σ is a twisted graph G with a function d : E(G)→ S∗σ .
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The function d : E(G)→ S∗σ gives the nonzero edge lengths on E(G). Given a twisted
tropical curve Γ, we write G(Γ) for its underlying twisted graph.
A type η of twisted graph is a twisted graph with 1 vertex but no edges. A twisted tropical
curve Γ is of type η if there is a contraction G(Γ)↠ η . We can simply contract all the edges
in E(G(Γ)) to get the type of Γ. We say a twisted tropical curve Γ is stable if G(Γ) is.
A morphism of twisted tropical curves (Γ,σ)→ (Γ′,σ ′) is a morphism f : σ → σ ′ in
RPCZ and an isomorphism of their twisted graphs g :G(Γ)→G(Γ′) such that for each edge
e of G(Γ) we have d(e) = f∨ ◦d′ ◦g(e).
The coarse tropical curve r(Γ) of the twisted tropical curve Γ = (G,d) is the tropical
curve (r(G),d).
Definition 3.1.13. The stack M tropη of twisted tropical curves is the stack over RPCCZ
whose fiber over σ is the groupoid of stable type η twisted tropical curves over σ .
Again the stackM tropη is well defined by Proposition 3.1.7.
Definition 3.1.14. A tropical étale cover Γ= (G,dt) over σ is a graph cover G = Gs → Gt
with a function dt : E(Gt)→ S∗σ .
The metric dt gives the edge lengths on the target twisted graph Gt . We have a natural
induced metric ds on the source twisted graph by composition. So a tropical étale cover can
indeed be viewed as a covering between two twisted tropical curves where the metric on the
source twisted tropical curve is induced from that on the target twisted tropical curve.
A type η = (π : ηs → ηt) of a tropical étale cover is a graph cover with 1 vertex in the
target twisted graph and no edges. The types of the target and the source twisted graphs of a
tropical étale cover of type η are given by ηs and ηt respectively. In particular, the map π
specifies how the legs of the source twisted graph map to the legs of the target twisted graph
but have no control over the edges. A tropical étale cover Γ is of type η if its underlying
graph cover G(Γ) is, i.e., there is a contraction G(Γ)→ η .
Given a tropical étale cover Γ= (G,dt), the source twisted tropical curve is (Gs,ds) and
the target twisted tropical curve is (Gt ,dt). A tropical étale cover is stable if its target twisted
tropical curve is stable. This implies that the source twisted tropical curve is stable.
Given a morphism f : τ → σ and a tropical étale cover Γσ = (G,d) over σ , we define
the tropical étale cover
f ∗Γσ := (H,dH)
where dH = f∨ ◦ d and H is G contracting all edges mapping to 0 by dH . If f is a face
morphism, we denote f ∗Γσ by Γσ |τ .
50 Tropical intersection theory onM tropη
Definition 3.1.15. The stackM tropη of tropical étale covers is the stack over RPCCZ whose
fiber over σ is the groupoid of stable type η tropical étale covers over σ .
Recall by definition of graph cover, the type η = (π : ηs → ηt) must satisfy
• (Degree) The degree d = ∑is∈π−1(it)
mt(it)
ms(is)
is invariant for all it ∈ L(ηt).
• (Hurwitz Formula) 2gs−2 = d(2gt −2)+∑is∈π−1(it)(
mt(it)
ms(is)
−1).
On a covering of twisted graphs, the type η has specified the images and the degrees of
legs but not of edges. So a covering G of type η may not be a graph cover because G may
not be representable.
Example 3.1.16. Here are some maps between twisted graphs with the values of m on their
legs. All three maps have the same type η . But the middle one is not representable by
Proposition 2.1.7, hence not a graph cover.
1 1
1 1
2 2
2 2
2
2
2
1
1
1
The legs of the second and third pictures have the same t as shown in the first picture. The
vertex in the source of the first picture has genus 1. All other vertices has genus 0.
After some preparation, we will prove the stack M tropη is a cone stack for a twisted
tropical curves covering type η , i.e.
• The diagonal map ∆ :M tropη →M tropη ×M tropη is representable by cone spaces.
• There is a morphism U →M tropη from a cone complex U that is surjective and strict.
Fix a graph cover G = (Gs,Gt ,π : Gs → Gt) of type η . Consider the functor
UG : RPC
op
Z →Groupoids
that associates to a rational polyhedral cone σ the groupoid whose objects are pairs (Γ,φ)
where
• the tropical étale cover Γ over σ is of type η ;
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• the morphism φ is a contraction φ : G↠G(Γ) of graph covers.
Proposition 3.1.17. The stack UG is represented by the rational polyhedral cone σG =
RE(Gt)≥0 .
Proof. Let σ be a rational polyhedral cone.
An automorphism f of Γ in the groupoid UG(σ) must be the identity. Indeed, the
automorphism f makes the diagram
G(Γ) f // G(Γ)
G
φ
aaaa
φ
== ==
commute. Note that G and G(Γ) are both of type η . The morphism φ is a contraction of
edges, hence surjective. So f has to be the identity.
Then it suffices to prove there is a set-wise natural bijection
Hom(σ ,σG)
∼=−→UG(σ).
Indeed, the left hand side is Hom(σ ,RE(Gt)≥0 ) = Hom(σ ,R≥0)
E(Gt). The right hand side is
SE(Gt)σ . Remember the morphisms of polyhedral cones in Hom(σ ,R≥0) preserve the lattice
structure. The natural bijection is given by the bijection Hom(σ ,R≥0) = σ∨∩M.
Proposition 3.1.18. The morphism UG →M tropη is representable by cone spaces, strict, and
quasicompact.
Proof. Let σ →M tropη be a morphism from an object σ in RPCZ. It suffices to show that
the fiber product
Xσ ,G =UG×M tropη σ
is representable by a cone complex with finitely many cones and that the induced map
Xσ ,G → σ is strict.
Let the morphism σ →M tropη be given by the tropical étale cover Γσ over σ . By the
definition of fiber product of stacks, the objects in the groupoid Xσ ,G(α) over the object α in
RPCZ are the triples
{(i : α → σ ,(Γα ,φα) ∈UG,Γα
∼=−→ i∗Γσ )}.
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Here the morphism α →UG gives the tropical étale cover Γα over α and φα : G↠G(Γα).
The data can be pared down to
{(i : α → σ ,G↠G(i∗Γσ ))}.
Consider the factorization of the map i : α → σ through some face τ of σ such that
α→ τ does not factor through any proper face of τ . The fibre product Xσ ,G is represented by
the cone complex consisting of C(τ,φ)∼= τ indexed by pairs
( j : τ → σ ,φ : G↠G( j∗Γσ )),
where j : τ → σ is a face morphism, i.e., the fibre product Xσ ,G is a collection of copies of
the faces of σ indexed by the face τ and a morphism φ : G↠G(Γσ |τ). The face morphisms
on Xσ ,G is given by C(τ ′,φ ′)≤C(τ,φ) if and only if τ ′ ≤ τ and the diagram
G(Γσ |τ) // // G(Γσ |τ ′)
Γ
φ
cccc
φ ′
;; ;;
is commutative. So UG →M tropη is representable.
The induced map Xσ ,G → σ is mapping C(τ,φ) to τ , hence strict.
The cone complex Xσ ,G consists of finite cones. Indeed, there are only finitely many
choices of faces τ of σ . There are finitely many choices of G(Γσ |τ) because of the rep-
resentability condition of the graph covers, hence finitely many choices of contractions
φ .
Theorem 3.1.19. The moduli functor M tropη of tropical étale covers is representable by a
cone stack.
Proof. Let U be the disjoint union of all UG where G is of type η . Then the morphism
U →M tropη is still representable by cone spaces, strict, and quasicompact.
Moreover, this morphism is surjective. Indeed, consider the Cartesian diagram
∏
G Xσ ,G //

U

σ //M tropη
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and assume σ →M tropη is given by the tropical étale cover Γσ . In the proof of Proposition
3.1.18, we show that C(σ , id)∼= σ is a face of Xσ ,G(Γσ ). Moreover, the cone C(σ , id) maps
isomorphically to σ . So U →M tropη is surjective.
We only need to show ∆ :M tropη →M tropη ×M tropη is representable by a cone space.
The fibre productU ×M tropη U is a cone space. Indeed, a base changeU ×M tropη U →U
of the representable morphism U →M tropη is again representable. Notice that our U is a
cone complex. So U ×M tropη U is a cone space.
We have another diagram
U ×M tropη U //

M tropη
∆

U ×U //M tropη ×M tropη
which is Cartesian. Any morphism from a cone σ →M tropη ×M tropη will factor through
U ×U because U ×U →M tropη ×M tropη is strict and surjective. Hence
σ ×M tropη ×M tropη M
trop
η = σ ×U ×U (U ×M tropη U )
is a cone space because σ , U ×U and U ×M tropη U are all cone spaces. So the morphism ∆
is representable by a cone space.
The fan structure onM tropη is given by the morphisms of type η graph covers. Given a
graph cover H of type η , define
RH :=UH ×M tropη UH
and
M tropH := (RH ⇒UH).
The cone stackM tropH is a sub cone stack ofM
trop
η . The dimension of the cone stackM
trop
H
is the same as the dimension of UH because the automorphism group is always finite. We
callM tropH a stratum of M
trop
η . For two graph covers H1 and H2 of type η , the cone stack
M tropH1 is a face ofM
trop
H2 if and only if there is a contraction H1 ↠ H2 of graph covers.
54 Tropical intersection theory onM tropη
Example 3.1.20. Let type η be the graph cover from genus 1, 4-legged graph to genus 0,
4-legged graph with multiplicity specified as follows.
1
1
1
1
2
2
2
2
Then the cone stackM tropη consists of three one-dimensional rays with identity Z2 action.
Each one-dimensional ray corresponds to a type η graph cover H with extra multiplicity on
edges specified like the following.
1
1
1
The identity Z2 action comes from mapping the two edges in Hs to each other. There are 3
graph covers of this kind by mutation on the leg labelling, hence three rays. The point these
three rays emitting from is the only 0-dimensional stratum corresponding to the graph cover
η itself. So the coarse moduli space ofM tropη will look like the following.
3.2 Intersection theory
In this section we will discuss the tropical intersection theory onM tropη where η is a graph
cover whose target twisted graph ηt is of genus 0 with no edges.
WhileM tropη generally does not embed into RN , the existence of a natural mapM
trop
η →
M trop0,n enables us to do intersection theory onM
trop
η .
A k-dimensional weighted fan (X ,ωX) of the cone stack M
trop
η is a collection of k-
dimensional strata X with weighted function ωX : X →Q on each stratum in the collection.
Recall a k-dimensional stratum onM tropη isM
trop
H for some graph cover H where #E(Ht) = k.
Define the morphism tc :M tropη →M trop0,n mapping a tropical étale cover to the coarse
tropical curve of its target twisted tropical curve, i.e., the map tc(σ) :M tropη (σ)→M trop0,n (σ)
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over σ is defined as
(G,dG) 7→ (r(Gt),dG).
Recall we have the covering map ∏GUG →M trop0,n and ∏H UH →M tropη where G runs over
all type 0,n weighted marked graph while H runs over all graph cover of type η .
Fix a weighted marked graph G of type 0,n. Then there is the commutative diagram
∏
H:r(Ht)=G
UH //

M tropη

UG //M
trop
0,n .
Note UG = R
E(G)
≥0 and UH = R
E(Ht)
≥0 . The map UH →UG is the isomorphism by identifying
E(G) = E(Ht).
Remark 3.2.1. The coarse moduli cone of the subcone stackM tropH is R
E(Ht)
≥0 . Indeed, notice
that any automorphism of tropical étale cover G of type η is the identity on Gt when ηt is
of genus 0. Moreover, on each cone stackM tropH , the morphism tc is simply forgetting the
orbifold structure as any point is only identified with itself under the automorphisms. The
morphism tc is like taking the coarse moduli space locally.
Example 3.2.2. We will investigate the map tc for the following η . Let η be the graph cover
where the twisted graph ηs is 1 vertex of genus 1 with 4 legs of twisted degree 1; the twisted
graph ηt is 1 vertex of genus 0 with 4 legs of twisted degree 2; the map of legs is 1 to 1. See
the first graph cover in Example 3.1.16. ThenM tropη consists of the 0-dimensional cone {0}
and three 1-dimensional cone [R≥0/Z2] where the group Z2 comes from swapping of the
two bounded edges and both elements of Z2 acts trivially on R≥0.
Then tc mapsM tropη toM
trop
0,4 which consists of {0} and three 1-dimensional cone R≥0.
The map on the 0-dimensional cone is mapping {0} to {0} while the map on any of the
1-dimensional cone is
[R≥0/Z2]→ R≥0
which is exactly taking the coarse moduli space.
The map φ :M tropη → R(
n
2)−n is defined as the composition of tc :M tropη →M trop0,n and
the embeddingM trop0,n →R(
n
2)−n. This map preserves the fan structure, i.e., if τ is a face of σ
inM tropη , then φ(τ) is a face of φ(σ). The primitive normal vector uσ/τ is defined to be the
primitive normal vector uφ(σ)/φ(τ) for τ being a face of σ of codimension 1.
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Recall that M trop0,n consists of cones UG for all type 0,n weighted marked graph G
by Proposition 3.1.11. For graph cover H and K of type η , the primitive normal vector
uM tropH /M
trop
K
is exactly uUr(Ht )/Ur(Kt ) , whereM
trop
H andM
trop
K are cones ofM
trop
η while Ur(Ht)
and Ur(Kt) are cones ofM
trop
0,n . We define
uH/K := uM tropH /M
trop
K
.
For uH/K to make sense, there has to exists a contraction g : H ↠ K such that #E(g) = 1.
A k-dimensional tropical fan on the cone stackM tropη is a k-dimensional weighted fan
(X ,ω) whose weights satisfy the balancing condition, i.e., for any (k− 1)-dimensional
stratumM tropH ,
∑
Gi:∃Gi↠H
ω(Gi)m(ei)uGi/H = 0 ∈ R(
n
2)−n/VH ,
where VH are the subspace generated by φ(M
trop
H ); the weights ω(Gi) are short for the
weight ω(M tropGi ); the multiplicity m(ei) is the multiplicity of the the unique contracted edge
ei in the target map Git ↠Ht of Gi↠H. The multiplicity term m(ei) arises from the pullback
formula [12, Lemma 4.0.2]. Given a Chow cohomology class c ofM η , the weighted fan on
the cone stack M tropη with weights c(MH) on M
trop
H is a tropical fan, following from the
same proof of Proposition 1.1.5.
A Cartier divisor of the cone stackM tropη is a piecewise linear function f :M
trop
η → R.
Recall the coarse moduli cone of subcone stack M tropH is R
E(Ht)
≥0 . Being piecewise linear
simply means f is piecewise linear on the coarse moduli cone. See Remark 3.2.1.
The intersection of f and a k-dimensional tropical fan (X ,ωX) is the (k−1)-dimensional
tropical fan whose weight ω on a (k−1)-dimensional stratum τ is
ω(H) = ∑
Gi:∃Gi↠H
fGi(ωX(Gi)m(ei)uGi/H)− fH( ∑
Gi:∃Gi↠H
ωX(Gi)m(ei)uGi/H),
where fGi and fH are defined as the linear extension of the pushdown of f |M tropGi and f |M tropH
to R(
n
2)−n respectively. Recalling thatM tropH = (RH ⇒UH) and UH
∼=−→Ur(Ht) ↪→R(
n
2)−n, the
pushdown of f |M tropH is a linear function on Ur(Ht) whose linear extension will then be the
linear function fH on R(
n
2)−n. We will denote the tropical fan by X and the intersection by
f ⌣ X when there is no ambiguity. If X is a tropical fan associated to the cohomology class
c, then f ⌣ X will be the tropical fan associated to the intersection of the Cartier divisor
associated to f and c, following from the same proof of Proposition 1.1.8.
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The tropical fan associated to a Chow cohomology class [h] ∈ Ak(M η) is the collection
of (n−3− k)-dimensional strataM tropG with weights∫
MG
[h] = [MG].[h] ∈ A0(M η).
The fundamental tropical fan [M tropη ] is the tropical fan associated to 1 ∈ A0(M η), i.e.,
collection of all top dimensional strataM tropG with weights
ω(G) =
dG
∏e∈E(Gt)m(e) ·∏l∈L(Gt)m(l)
,
where dG is the degree of the étale morphismMG →MGt . See Proposition 3.3.2.
Let fk be the Cartier divisor on R(
n
2)−n related to ψk, i.e., div( fk) =
(n−1
2
)
ψk. Let
f˜k :M
trop
η
φ−→ R(n2)−n fk−→ R
be the composition of φ and fk.
Proposition 3.2.3. On M tropη , assume Yh is the tropical fan associated to the Chow coho-
mology class [h]. Then f˜k ⌣ Yh is the tropical fan associated to the Chow cohomology
class
m(k)
(
n−1
2
)
ψk ⌣ [h],
where m(k) is the twisted degree of the marked leg k ∈ L(ηt).
Proof. It suffices to prove the weight of f˜k ⌣ Yh onM
trop
G is m(k)
(n−1
2
)
ψk ⌣ [h](MG) for
each type η graph cover G.
Let π :M η →M 0,n. The inverse image π−1(M r(Gt)) contains MG as a connected
component. So the class π∗ψk ⌣MG consists of classes lying inMG.
Note that onM 0,n,(
n−1
2
)
ψk ⌣M r(Gt) = ∑
H ′:∃H ′↠r(Gt)
MH ′ fk,H ′(uH ′/r(Gt))−MH ′ fk,r(Gt)(uH ′/r(Gt)),
58 Tropical intersection theory onM tropη
where fk,H ′ means the linear extension of fk restricted on H ′. The intersection π∗ψk ⌣MG
consists of the class of π∗(ψk ⌣M c(Gt)) lying inMG, i.e.,(
n−1
2
)
π∗ψk ⌣MG
= ∑
H:∃H↠G
MHm(eH) f˜k,H(uH/G)−MHm(eH) f˜k,G(uH/G),
where eH ∈ E(Ht) is the unique edge contracted by H ↠ G. The m(eH) comes from the
pullback formula
π∗M K = ∑
K′:∃r(K′t )=K
m(eK′)M K′
where K is a weighted marked graph and eK′ is the unique edge of K′t , which is a rephrase of
[12, Lemma 4.0.2].
After plugging into [h], the result is exactly the weight of f˜k ⌣Yh. Moreover, the pullback
π∗ψk = m(k)ψk. So
(n−1
2
)
π∗ψk ⌣MG = m(k)
(n−1
2
)
ψk ⌣MG onM η .
In particular, the tropical fan Yh is the fundamental tropical fan and f˜k gives the tropical
fan associated to ψk when the cohomology class h is 1. From now on if there is no ambiguity,
we will write fk for f˜k.
Definition 3.2.4. The psi-class ψk onM
trop
η is the subcone stack consisting of all (n−4)-
dimensional strata M tropG whose k-marked leg in Gt has a root vertex of 4 valence. The
weight on each stratumM tropG is
dG
m(k)∏e∈E(Gt )m(e)·∏l∈L(Gt )m(l)
.
The pullback of ψk gives the part 1m(k) where k is the unbounded edge marked by k while
the rest of the weight comes from the pushforward in Proposition 3.3.2.
Let I be a type η graph cover where It has exactly two vertices. ThenM I is an element
in A1(M η). We will give a Cartier divisor (piece-wise linear function) associated to it. Let
vI be the primitive vector in UI , whereM
trop
I = (RI ⇒UI). Let fI be the piecewise linear
function onMη such that
fI(vJ) =
{
1, J = I
0, J ̸= I
where J runs over all twisted covers of type η with two vertices. Let eI be the unique edge in
It connecting the two vertices.
Proposition 3.2.5. Given [h] ∈ A∗(M η), the intersection fI ⌣ Yh is the tropical fan associ-
ated to m(eI)[h]⌣M I , whereM I is viewed as a chow cohomology class onM η .
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Proof. It suffices to prove the weight of fI ⌣ Yh onM
trop
G isM I ⌣ [h](MG).
IfM tropI is not a face ofM
trop
G , then
M I ⌣MG = ∑
H:∃H↠G,H↠I
MH .
where H runs over all type η graph covers with dimM tropH = dimM
trop
G +1. So
M I ⌣ [h](MG) = ∑
H:∃H↠G,H↠I
h(MH).
On the other hand, the weight of fI ⌣ Yh is
∑
H:∃H↠G
h(MH)m(eI) fI,H(uH/G)− ∑
H:∃H↠G
fI,G(m(eI)h(MH)uH/G),
where fI,H is the linear extension of fI|M tropH . The part ∑H:∃H↠G m(eI)h(MH)uH/G lies in
the space spanned by φ(M tropH ) by the balancing condition, hence has fI,G value 0. By
definition, fI,H(uH/G) = 1. So
∑
H:∃H↠G
h(MH)m(eI) fI,H(uH/G) = m(eI)M I ⌣ [h](MG).
IfM tropI is a face ofM
trop
G , then let g be the linear extension of fI,G. Then g is associated
to Dg, a pullback of a principal divisor onM 0,n. It suffices to prove the weight of ( fI−g)⌣
Yh onM
trop
G is (M I−Dg)⌣ [h](MG). Note that fI−g is a linear combination of fJ where
M tropJ is not a face ofM
trop
G . The proof is completed by the linearity of the ⌣ operator on
both sides.
3.3 Application: Intersection Theory onM g,n
In this section we use K.Costello’s idea in [12] to do intersection theory onM g,n by applying
tropical intersection theory. Although the cone stack M tropg,n exists, it is difficult to define
tropical intersection theory onM tropg,n becauseM g,n does not embed nicely into a toric variety
likeM 0,n or have a nice étale cover to some subvariety of a toric variety likeM η . So in order
to perform intersection, the cycles are first pulled back to someM η and then intersected.
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A special case of [12, Chapter 6] calculates the degree between the fundamental classes
ofM η andM v. Let v be the type g,n. SoM v is the moduli space of stable curves of genus
g with n marked points. The type of covering η = ηs → ηt is defined by
• ηs,ηt have just one vertex,
• genus g(ηs) = g, g(ηt) = 0.
• The marking on ηt is
{∞}
⊔
{2, ...,n}
⊔
{n+1, ...,n+3g}.
• The degree of η is g+1.
• The marking on ηs is
{1}
⊔
{2, ...,n}× [g+1]
⊔
({n+1, ...,n+3g}× [g]),
where for N ∈ N>0, [N] := {1, ...,N}.
• The map ηs → ηt sends 1→ ∞, and is the natural projection on the other factors,
{2, ...,n}× [g+1]→{2, ...,n},{n+1, ...,n+3g}× [g]→{n+1, ...,n+3g}.
• The multiplicity function on ηt is
m(i) =

g+1, i = ∞
1, 2≤ i≤ n
2, n+1≤ i≤ n+3g.
• The multiplicity function on ηs is
m(i, j) =

1, (i, j) = 1
1, 2≤ i≤ n
1, n+1≤ i≤ n+3g,2≤ j ≤ g
2, n+1≤ i≤ n+3g, j = 1.
The mapM η →M v is taking the source curve and forgetting all other marking except
1 and (i,1), i = 2, ...,n.
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Example 3.3.1. Let v be the type 2,1, i.e., genus 2 with 1 marked point. Then ηs and ηt
have genus 2 and 0. The graph ηs has 13 legs labelled as
{1,(2,1),(2,2),(3,1),(3,2),(4,1),(4,2),(5,1),(5,2),(6,1),(6,2),(7,1),(7,2)}.
The graph ηt has 7 legs labelled as
{∞,2,3,4,5,6,7}.
The mapping ηs → ηt maps 1 to ∞ and (i,1),(i,2) to i for i = 2, ...,7. The multiplicity on η
is as follows.
1 1 (2,2)1
(2,1)
2
(7,1)
2
(7,2)
1
∞ 3 22
7
2
ηs ηt
Proposition 3.3.2. [12, Lemma 6.0.1] The mapM η →M v is of degree
(3g)!(g!)n−1((g−1)!)3g
23gm(∞)
.
The pullback of Psi-classes fromM v toM η are calculated via another result from [12].
The morphismM η →M v decomposes as
M η
s−→M ηs r−→M r(ηs)
π−→M v,
where the morphism s is taking the source curve, the morphism r is taking the coarse moduli
curve and the morphism π is forgetting markings and stabilizing. Denote the set of forgotten
markings by I. Assume γ is a weighted marked graph or twisted graph. For e ∈ E(γ), let γe
be the graph obtained by contracting all edges except e. The function S(e, t, I) ∈ {0,1} is
defined to be 1 if and only if t is in a vertex of γe that is contracted when stabilizing after
forgetting the tails I [12, Lemma 4.1.1].
Proposition 3.3.3. [12, Corollary 4.1.3] For each l ∈ T (v),
s∗r∗π∗ψl = m(l)ψl− ∑
γ→η
[M γ ] ∑
e∈E(γs)
m(e)S(e, l, I)
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where the sum is over all γ → η with #E(γt) = 1.
The leg l on the right of the equation is the unique leg of ηs that corresponding to the
marking l on v.
For each marking k ∈ {1, ...,n} ofM g,n, define the piecewise linear function onM tropη
gk :=
m(ks)
m(kt) ·
(3g+n−1
2
) fk− ∑
γ:∃γ→η
1
m(eγ)
fγ ∑
e∈E(γs)
m(e)S(e,kt , I),
where eγ is the unique edge of γt . The 3g+n here is the number of marking on ηt . The leg ks
is the unique leg of ηs that corresponding to the marking k; the leg kt is the image of ks in ηt .
Theorem 3.3.4. For ki ∈ N satisfying ∑i ki = 3g−3+n, let X be obtained by intersecting
the fundamental tropical fan ofM tropη with each gi for ki times. Then the intersection number∫
M g,n
∏
i
ψkii
is the same as the weight of X at the origin divided by the degree ofM η →M g,n which is
(3g)!(g!)n−1((g−1)!)3g
23gm(∞)
.
Proof. Applying the projection formula and substituting the degree ofM η →M g,n shows
(3g)!(g!)n−1((g−1)!)3g
23gm(∞)
∫
M g,n
∏
i
ψkii =
∫
M η
∏
i
s∗r∗π∗ψkii .
By definition gk is the piecewise linear function associated to s∗r∗π∗ψi. Given that ∑i ki =
3g−3+n, the tropical fan X is of dimension 0. So the weight of X at the origin is just the
intersection number ∫
M η
∏
i
s∗r∗π∗ψkii .
Example 3.3.5. We will show ∫
M 1,1
ψ1 =
1
24
.
We define the graph cover η as in [12, Example 9.2.1] as follows.
• The source graph ηs has 1 vertex vs; the genus g(ηt) = 0 and g(ηs) = 1.
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• The unbounded edges are
L(ηs) = {X1,X2,X3,X4}, d(vs,Xi) = 2, m(Xi) = 1;
L(ηt) = {x1,x2,x3,x4}, m(xi) = 2.
• The map L(ηs)→ L(ηt) sends Xi 7→ xi.
So the graph cover η looks like
1 0
1
1
1
1
22
22
.
Forgetting the marked points X2,X3,X4 gives us the map
π ◦ r ◦ s :M η →M 1,1.
Apply Proposition 3.3.3 and notice that S(e, t, I) is always 0 here. So
s∗r∗π∗ψ1 = ψ1.
Apply Proposition 3.3.2 to get the degree ofM η →M 1,1 is 323 . So by projection formula∫
M 1,1
ψ1 = 3−1 ·23
∫
M η
ψ1.
The moduli spaceM tropη consists of three 1-dimensional raysMρi, i = 1,2,3 where the
graph covers ρi are
1
1
1
1
1
1
22
22
1
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with three different labeling of the legs. Moreover, the map M tropη → R2 induced from
M trop0,4 → R2 looks like
M tropρ1
M tropρ2
M tropρ3 .
The piecewise linear function g1 takes value 1/(m(1) ·
(3
2
)
) = 1/6 on the primitive vector of
the three conesM tropρi . The fundamental tropical fan ∆ associated toM
trop
η has weight
ω(ρi) =
dρi
∏e∈E(ρit)m(e)·∏l∈L(ρit )m(l)
=
1/2
24
= 2−5.
The weight of the intersection g1 ⌣ ∆ is
ω({0}) = 2−5
3
∑
i=1
g1(vi)−g1(
3
∑
i=1
2−5vi) = 2−5× (1/6)×3−0 = 2−6,
which means
∫
M η
ψ1 = 2−6. So
∫
M 1,1
ψ1 equals to 1/24 by Theorem 3.3.4.
Example 3.3.6. We will show ∫
M 1,2
ψ21 =
∫
M 1,2
ψ22 =
1
24
,
∫
M 1,2
ψ1ψ2 =
∫
M 1,2
ψ2ψ1 =
1
24
.
We define the graph cover η by
• ηs has 1 vertex; the genus g(ηt) = 0 and g(ηs) = 1.
• The unbounded edges and their multiplicities are
L(ηs) = {X1,X2,Y2,X3,X4,X5},
m(Xi) = 1, i = 1,2, ...,5,m(Y2) = 1;
L(ηt) = {x1,x2,x3,x4,x5},
m(x2) = 1,m(xi) = 2, i ̸= 2.
• The map L(ηs)→ L(ηt) sends Xi 7→ xi and Y2 to x2.
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So the graph cover η looks like
1
X1
1
X3
1 X4
1
X5
1
X2
1
Y2
2
x3
2 x4
2
x5
2
x1
1
x2
.
Let I be the set of forgotten markings {Y2,X3,X4,X5}. The forgetful map π forgets all the
markings in I. Identifying the marking X1 and X2 with the marking 1 and 2, we have the map
π ◦ r ◦ s :M η →M 1,2.
To apply Proposition 3.3.3, we first need to calculate the piecewise linear function g1
and g2. For g1, the coefficients of [M γ ] are all 0 because S(e,X1, I) are all zero for any
contraction γ → η . We have
g1 =
1
2× (42) f1 = 112 f1.
For g2, the coefficients of [M γ ] can be nonzero. Indeed, for each i = 3,4,5 define graph
cover ρi with a contraction ρi → η .
• The source ρis has 2 vertices V1,V2 with the genus g(V1) = 0 and g(V2) = 1. The target
ρit has 2 vertices v1,v2. The map ρis → ρit sends Vi → vi.
• The unbounded edges and their multiplicities are the same as η . The set of unbounded
edges of the vertices are given by
T (V1) = {X2,Y2,Xi}, T (V2) = {X j| j ̸= 2, i},
T (v1) = {x2,xi}, T (v2) = {xi|i ̸= 2, i}.
• There are two bounded edges E,e with m(E) = 1 and m(e) = 2. The edge E joins V1
and V2; the edge e joins v1 and v2.
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So the graph cover ρi looks like
1
Xi
1
X2
1
Y2
1
V1
V2
1
X1
1
1
1
x2
2
xi
v1
v2
2
2
x1
2
2
.
For each ρi → η contracting the edge e and E, the value of S(E,X2, I) is 1 because after
forgetting the markings I, the marking X2 is attached to V1 which should be contracted during
stabilization. We have
g2 =
1
6
f2− 12
5
∑
i=3
fρi.
Note that the graph cover G of type η is completely determined by Gt . We will represent
the graph cover G by its target Gt in the following discussion.
To give a explicit description of g1 and g2, it suffices to describe the value on the primitive
generators of the 1-dimensional cones because g1 and g2 are piecewise linear. We denote the
values by g1(G) and g2(G) for 1-dimensional conesM
trop
G . We have
g1(G) =
{
1
12 , if x1 is attached to a 4-valent vertex of Gt
1
4 , if x1 is not attached to a 4-valent vertex of Gt
In the two cases, the targets Gt look like the following respectively.
x1 x1
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For g2, the situation is slightly complicated due to the existence of fρi terms. We have
g2(G)=

0, if x2 is attached to the 3-valent vertex while x1 is attached to the other vertex
1
2 , if x1 and x2 are both attached to the 3-valent vertex of Gt
1
6 , if x2 is attached to a 4-valent vertex.
In the three cases, the targets Gt look like the following respectively.
x1x2 x1
x2
x2
Indeed, the value of 16 f2(G) is
1
2 for the first two cases and
1
6 for the last case while the value
of 12 ∑
5
i=3 fρi is
1
2 for the first case and zero for the rest two cases.
Now we are going to calculate the weights on the cones for the tropical fan [M tropη ],
g1 ⌣ [M
trop
η ], g2 ⌣ [M
trop
η ], g1 ⌣ g1 ⌣ [M
trop
η ], g2 ⌣ g1 ⌣ [M
trop
η ], g1 ⌣ g2 ⌣ [M
trop
η ]
and g2 ⌣ g2 ⌣ [M
trop
η ].
For fundamental tropical fan [M tropη ], by definition, the weights are∫
MG
[1] =
dG
∏e∈E(Gt)m(e) ·∏l∈L(Gt)m(l)
which are nonzero only for 2-dimensional conesM tropG . We have dG = 1 for all G. So we
have
ω[M tropη ](G) =
{
1
25 , if x2 is not the only unbounded edge on the vertex
1
24 , if x2 is the only unbounded edge on the vertex
In the two cases, the targets Gt look like the following respectively.
2 1
x2
x2
1 1
Note here if x2 is not the only unbounded edge on the vertex it is attached to, then the
multiplicities on the unbounded edges are forced to be 2 and 1 as pictured by the defining
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property of graph cover. The same applied to the case when x2 is the only unbounded edge
on the vertex. The extra 124 comes from the multiplicities of the unbounded edges.
For g1 ⌣ [M
trop
η ], the weights on different cones are calculated as the following. The
target Gt is on the left while the weights are calculated on the right.
x2
x1
1
2× 125 × 112 +1× 124 × 14 +2× 125 × 14 − 124 × 112
= 125 .
Here the multiplicity on the edge is forced to be 1 again by the defining properties of graph
cover. The equation follows from the definition of the weight calculation. For example, in
the first term 2× 125 × 112 , the 2 is the multiplicity; the 125 is the weight of
1 2
x2
x1
while the 112 is the g1 value on
x1 x2
2
The last term 124 × 112 is the g1 value for the weighted sum of the primitive vectors. The
weights on the rest cones are:
x2
x1
2
1× 125 × 112 +1× 125 × 112 +1× 125 × 112 − 125 × 14
= 0.
x2 x1
2
1× 125 × 112 +1× 125 × 14 +1× 125 × 14 − 125 × 112
= 126 .
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x1 x2
1
1× 124 × 112 +2× 125 × 112 +2× 125 × 112 − 124 × 14
= 0.
For g2 ⌣ [M
trop
η ], the weights on the cones are:
x2 x1
2
1× 125 × 16 +1× 125 × 16 +1× 125 × 16 − 125 ×0
= 126 .
x2
x1
2
1× 125 × 16 +1× 125 × 16 +1× 125 × 16 − 125 × 12
= 0.
x2
x1
1
1× 124 × 16 +2× 125 ×0+2× 125 × 12 − 124 × 16
= 125 .
x1 x2
1
1× 124 × 16 +2× 125 ×0+2× 125 ×0− 124 × 16
= 0.
For g1 ⌣ g1 ⌣ [M
trop
η ], the weight at the origin is
1× 125 × 112 ×3+2×0× 14 ×1+2× 126 × 112 ×3+1×0× 14 ×3
= 126 .
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The sum is over all 1-dimensional cones since they all contains the origin. Each term has the
similar components. For example, in the first term 1× 125 × 112 ×3 corresponding to
x2
x1
1
the 1 is the multiplicity of the unbounded edge; the 125 is the weight; the
1
12 is the g1 value.
The 3 is the number of different 1-dimensional cones that has this representation of Gt .
Indeed, the last leg of the 4-valent vertex can be x3,x4 or x5.
For g2 ⌣ g1 ⌣ [M
trop
η ], the weight at the origin is
1× 125 × 16 ×3+2×0× 12 ×1+2× 126 ×0×3+1×0× 16 ×3
= 126 .
For g1 ⌣ g2 ⌣ [M
trop
η ], the weight at the origin is
2× 126 × 112 ×3+2×0× 14 ×1+1× 125 × 112 ×3+1×0× 14 ×3
= 126 .
For g2 ⌣ g2 ⌣ [M
trop
η ], the weight at the origin is
2× 126 ×0×3+2×0× 12 ×1+1× 125 × 16 ×3+1×0× 16 ×3
= 126 .
Finally, to get the intersection number on the schematic side, we apply Theorem 3.3.4
and times the result by
(3g)!(g!)n−1((g−1)!)3g
23gm(∞)
= 3!23×2 =
3
8 .
So the final result is 124 .
Chapter 4
Covers of Logarithmic Stable Curves
In this chapter we will discuss logarithmic stable curves and covers of logarithmic stable
curves. First some basics about logarithmic stable curves and their moduli spaces are revisited.
Then we review the tropicalization of the moduli space of logarithmic stable curves. In
the end we discuss the covers of logarithmic stable curves, their moduli spaces and the
tropicalization.
4.1 Moduli Space of Logarithmic Stable Curves
In this section we review the logarithmic stable curves and their moduli spaces.
Logarithmic geometry is first studied in [29] and [27].
Definition 4.1.1. A monoid is a commutative semi-group with a unit. A morphism of
monoids f : P→ Q is a map such that f (0) = 0 and f (p+ p′) = f (p)+ f (p′).
Here 0 is the unit. The operator of the semi-group is ‘+’. Sometimes the unit is denoted
by 1 while the operator is denoted by ‘·’.
The Grothendieck group of a monoid P is
Pgp := {p− p′ | p, p′ ∈ P}/∼,
where p− p′ is a formal symbol. The equivalence is that p− p′ ∼ q−q′ if and only if there
exists r ∈ P such that p+q′+ r = q+ p′+ r.
A monoid P is integral if P→ Pgp is injective.
A monoid is fine if it is finitely generated and integral. A monoid P is saturated if it is
integral and
mp ∈ P⇒ p ∈ P
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for any p ∈ Pgp and m ∈ N+. See [21, Subsection 3.1.1] for more details.
Definition 4.1.2. A logarithmic structure on a scheme X is a sheaf of monoids MX on X
together with a morphism of sheaves of monoids
αX : MX → OX
with respect to the multiplication on OX such that
αX : α−1X (O
×
X )→ O×X
is an isomorphism. Here O×X denotes the sheaf of invertible elements of OX .
For any morphism of sheaf of monoids αX : MX → OX , we can construct a logarithmic
structure associated to it. Given a morphism of schemes f : X → Y and the logarithmic
structure MY , the pullback logarithmic structure
αX : f ∗MY → OX
on X is the logarithmic structure associated to the composition f−1MY → f−1OY →OX . For
more detail, see [27, chapter 1].
For a logarithmic scheme X , we denote the underlying scheme by X .
Given an underlying scheme X , there are many different possible log structures.
Example 4.1.3. Let D⊆ X be a closed subset of pure codimension one. Let j : X \D ↪→ X
be the inclusion, and set
M(X ,D) := ( j∗O×X\D)∩OX .
This is the sheaf of regular functions on X which are invertible on X \D. Define αX :
M(X ,D) ↪→ OX as the inclusion. This is called the divisorial logarithmic structure associated
to (X ,D).
Example 4.1.4. [21, Example 3.19] The toric log structure on a toric variety X is the
divisorial log structure associated to (XΣ,XΣ\T ) where T is the big torus of the toric variety.
Assume X is the toric variety associated to the fan Σ. For a cone σ of Σ, the toric log structure
on the open set Speck[σ∨∩M] is induced by the chart σ∨∩M → OSpeck[σ∨∩M].
A morphism of logarithmic schemes f : X → Y is a morphism of schemes f : X → Y
along with a morphism of sheaves of monoids f # : f−1MY →MX such that the following
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diagram commutes.
f−1MY
f # //
αY

MX
αX

f−1OY
f ∗
// OX
Here f ∗ is the usual pullback of regular functions defined by the morphism f .
A logarithmic morphism f : X →Y is strict if f # : f−1MY →MX induces an isomorphism
between the pull-back of the logarithmic structure on Y to X and the logarithmic structure on
X .
For simplicity, we will use “log” instead of “logarithmic”.
Definition 4.1.5. The ghost sheaf MX of X is the sheaf of monoids given by the exact
sequence
1 // O×X
α−1X // MX // MX // 0.
The following proposition is useful in studying the pullback of log structures.
Proposition 4.1.6. Let f : X → Y be a morphism of schemes. The log structure on X is
defined by MX := f ∗MY . Then
MX = f−1MY .
Proof. See [21, Section 3.2].
Definition 4.1.7. Let X be a scheme. Let P be a monoid and denote by P the constant sheaf
on X with stalk P. Given a pre-log structure π : P→ OX , the map π is called the chart of its
associated log structure.
We also say π : P→OX is a chart for MX if the associated log structure of π is isomorphic
to MX .
We will focus on log structures with certain nice properties.
A log structure MX is fine if étale locally MX has charts from fine monoids. Here “étale
locally” simply means there is an étale open cover {Ui} of X such that the pullback of MX to
each Ui has the property.
A log structure MX is saturated if MX ,x is saturated for all closed point x ∈ X .
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Definition 4.1.8. [21, Definition 3.23] A morphism f : X → Y of fine log schemes is log
smooth (étale) if étale locally on X and Y there is a commutative diagram
X //

SpecZ[P]

Y // SpecZ[Q]
with the following properties:
(1) The horizontal maps induce charts P→ OX and Q→ OY for X and Y .
(2) The induced morphism
X → Y ×SpecZ[Q] SpecZ[P]
is a smooth (étale ) morphism of schemes.
(3) The right-hand vertical arrow is induced by a monoid homomorphism Q→ P with
ker(Qgp → Pgp) and the torsion part of coker(Qgp → Pgp) finite groups of orders invertible
on X .
This definition is equivalent to the original definition from [29, Section 3.3] by [29,
Theorem 3.5].
If we equip X and Y with the trivial log structure, i.e.,
αX : O∗X → OX ,αY : O∗Y → OY ,
then the morphism of log schemes X → Y is log smooth (étale) if and only if the underlying
morphism of schemes X → Y is smooth (étale) [29, Proposition 3.8].
Some log morphisms are log smooth even if the underlying scheme morphism is not
smooth.
Example 4.1.9. Let log scheme Y be Speck with the trivial log structure, which is induced
by chart Q = 0. Let X = Speck[P] with P a toric monoid, i.e., P = σ∨∩M for some cone
(N,σ). Equip X with the log structure induced by P → OSpeck[P]. Then the morphism
X → Y ×Speck[Q] Speck[P] is an isomorphism, hence smooth (étale). So X is always log
smooth (étale) over Y . Of course, the toric variety X is not necessarily étale or even smooth
over Speck.
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Example 4.1.10. Let Y be the standard log point, i.e., the scheme Speck with the log
structure induced by
N→ OSpeck
where 1 7→ 0. Let P = N⊕NN2 be given by 1 7→ 1 and 1 7→ (1,1). Let the log scheme X be
Speck[x,y]/(xy) equipped with log structure induced by
P→ OX
where (a,(b,c)) 7→ xa+bya+c. The log morphism X → Y is given by N→ P with 1 7→
(1,(0,0)). Then this morphism is log smooth (étale). Indeed, the product is
k[P]×k[N]k= k[x,y]/(xy).
So the morphism X → Y ×Speck[N] Speck[P] is an isomorphism.
A log curve with base S is a log smooth and integral morphism f : X → S of fine saturated
log schemes such that every geometric fiber of the underlying morphism f is a reduced and
connected curve. This is exactly [28, Definition 1.2]. For details about integral morphisms,
see [29, Proposition 4.1].
There is characterization for the local structure of log smooth curves.
Theorem 4.1.11. [28, Section 1.8] Let f : X → S be a log smooth curve with S = Speck.
Denote the only point in Speck by s. Assume MS,s = Q. The log structure on S must be
induced by the chart σ : Q→ OS,
σ(q) =
{
1, if q is the unit
0,otherwise
Then X is étale locally isomorphic to one of the following log schemes:
(1) V = Speck[u], where the log structure is induced by the chart
Q→ OV ,q 7→ f ∗σ(q).
(2) V = Speck[u], where the log structure is induced by the chart
Q⊕N→ OV ,(q,a) 7→ ua f ∗σ(q).
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(3) V = Speck[u,v]/(uv), where the log structure is induced by the chart
Q⊕NN2 → OV ,(q,(a,b)) 7→ uavb f ∗σ(q).
Here Q⊕N N2 is defined using map N → N2,1 7→ (1,1) and N → Q,1 7→ α ∈ Q with
σ(α) = 0.
Theorem 4.1.11 gives a local description of log smooth curves. The points of types (1),
(2) and (3) on X are called smooth points, log marked points and double points respectively.
Log smooth curves are closely related to stable curves.
Definition 4.1.12. [23, Definition 1.3] A pre-stable (marked) log curve over W is a pair
(C/W,x) consisting of a proper log smooth and integral morphism π : C→W of fine saturated
log schemes over S together with a tuple of sections x = (x1,x2, ...,xl) of π , such that every
geometric fibre of π is a reduced and connected curve, and if U ⊂C is the non-critical locus
of π , then MC|U ∼= π∗MW ⊕i xi∗NW .
A pre-stable log curve is stable if forgetting the log structure leads to an ordinary stable
curve.
Given a stable curve, there are too many possible log structures making the stable curve
log smooth, i.e., the stack of stable log curves M˜ logg,n is usually not Deligne-Mumford.
In order to have a nice moduli space, we need the basicness condition. This is [28,
Proposition 2.3]. For a more general basicness condition of log stable maps, see [23, Section
1.5].
Definition 4.1.13. Recall the local structure for log smooth curves. For W = Speck, a stable
curve (π : C →W,x) is basic if
• the chart is given by
Q =∏
q
N
where q runs over all nodes;
• marked points are precisely log marked points;
• nodes are precisely double points with N→ Q being 1 7→ (0, ...1, ...,0) mapping to the
corresponding entry at each node q;
• all other points are smooth points.
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In general, (π : C →W,x) is basic if for each geometric point w→W equipped with the
standard log structure, the log stable curve w×W C → w is basic.
Proposition 4.1.14. The stackM logg,n of basic log stable curves is Deligne-Mumford.
Proof. This is a special case of [23, Corollary 2.8] if X is set to be Speck with trivial log
structure.
Denote the category of schemes, log schemes and fine saturated log schemes by Sch,
LSch and LSchfs respectively.
Definition 4.1.15. [28, Definition 3.1]
(1) A log structure on the stack S → Sch is a covariant functor L :S → LSch which
makes the triangle
S //
##
LSch

Sch
commute such that for any morphism f : x→ y inS , the morphism L( f ) : L(x)→ L(y)
in LSch is strict. Here LSch→ Sch is the forgetful functor.
(2) A log stack (S ,L) is a log stackS → Sch with a log structure L onS .
We will denote the log stack (S ,L) byS †. If LSch is replaced by LSchfs, we say L is a
fine saturated log structure andS † a fine saturated log stack.
There is a description ofM logg,n in terms of the log stack.
Theorem 4.1.16. [28, Theorem 4.5] The stackM logg,n is naturally represented by the log stack
(M g,n,L) with the fine saturated log structure L equipping stable curve (C →W ,x) with the
basic log structure.
4.2 Logarithmic Étale Covers of Logarithmic stable Curves
In this section we will investigate log étale covers of log stable curves. In particular, we will
define the basic log étale covers. Moreover, we will show the log structure on any log étale
cover arises as the pull-back from a basic étale cover with the same underlying morphism
following the idea in [23, Section 1.5]. In the end, we will define the moduli stack of log
étale covers as the log stack (M logη ,Lη) which is the moduli stackM
log
η of basic log étale
covers equipped with the natural log structure Lη .
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Definition 4.2.1. A log étale cover (Cs →Ct →W,xs,xt) of log stable curves is a log étale
cover Cs →Ct of log stable curves over W such that the inverse of the marked points xt is
precisely the set of marked points xs while at the double points the underlying log morphism
is given by
Speck[us,vs]/(usvs)→ Speck[ut ,vt ]/(utvt),us 7→ uds ,vs 7→ vds
for some d ∈ N+.
We write Cs →Ct for a log étale cover when there is no ambiguity.
Proposition 4.2.2. Recall Theorem 4.1.11. Given a log étale cover Cs → Ct , then étale
locally the morphism is one of the following:
(1) The underlying morphism is
Speck[us]→ Speck[ut ],ut 7→ us.
The log morphism is induced by the identity Q→ Q.
(2) The underlying morphism is
Speck[us]→ Speck[ut ],ut 7→ uds ,
where d ∈ N+. The log morphism is induced by
Q⊕N→ Q⊕N,(q,a) 7→ (q,da).
(3) The underlying morphism is
Speck[us,vs]/(usvs)→ Speck[ut ,vt ]/(utvt),ut 7→ uds ,vt 7→ vds ,
where d ∈ N+. The log morphism is induced by
Q⊕NN2 → Q⊕NN2,(q,(a,b)) 7→ (q,(da,db)).
Here dαs = αt .
Proof. Because Cs → Ct is log étale, the double points must map to double points. By
definition, the marked points map to marked points. So the smooth points map to smooth
points.
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Recall Q induces the log structure on the base W . So the log morphism Cs →Ct always
sends Q to Q via identity.
For marked points, étale locally the underlying morphism is
Speck[us]→ Speck[ut ],ut 7→ uds
for some d ∈ N+. The chart morphism then has to send 1 7→ d for the N factor by commuta-
tivity with the underlying scheme morphism.
For double points, the underlying morphism is specified in Definition 4.2.1. The chart
morphism then has to send (a,b) 7→ (da,db) by commutativity with the underlying scheme
morphism. The extra condition then follows from the identity map on Q by
(αt ,(0,0)) = (0,(1,1)) 7→ (0,(d,d)) = (dαs,(0,0)).
Given a marked or double point p on Ct , denote those d appearing in the Proposition
4.2.2 by dq for each q lying in the inverse image of p. Set mp to be the least common multiple
of dq and set
mq = mp/dq.
The dual intersection graph of a log étale cover is the graph cover with the underlying
morphism of weighted marked graph being the dual intersection graph of the curve morphism
Cs →Ct and the twisted degree at p,q being mp,mq respectively.
Given a graph cover η whose ηs has 1 vertex and no edges, a log étale cover is of type η
if its dual intersection graph has a contraction to η .
Given a log étale cover π : Cs →Ct over a point, the log structure is basic if
• on the base it is induced by
Qbasic =∏
p
N
where p runs over all nodes in Ct ;
• at a node p on Ct , the log structure is induced by Qbasic⊕NN2 where N→ Qbasic is
determined by 1 7→ αp = (0, ...,mp, ...,0) ∈ Qbasic;
• at a node q on Cs, the log structure is induced by Qbasic⊕NN2 where N→ Qbasic is
determined by 1 7→ αq = (0, ...,mq, ...,0) ∈ Qbasic with the nonzero entry where mq
sits being the entry corresponding to π(q).
80 Covers of Logarithmic Stable Curves
The monoid Qbasic is called the basic monoid of the underlying morphism of stable curves.
Proposition 4.2.3. The basic monoid Qbasic of π : Cs →Ct is the initial object of all monoids
Q which make Cs →Ct → (Speck,Q) log étale covers.
Proof. Let {qi} ⊂ Cs be all the nodes lying over p ∈ Ct . If monoid Q makes Cs → Ct →
(Speck,Q) a log étale cover, then we have
dqiαqi = αp ∈ Q.
Let mp be the least common multiple of dqi . By saturatedness of Q, we can find unique α ′p
such that αp = mpα ′p. Define
Qbasic → Q
to be 1 7→α ′p at the entry corresponding to p. This is canonical and commutes with morphisms
between Q.
Given a log étale cover (Cs →Ct →W ) and a geometric point w→W , the pullback log
étale cover
w×W (Cs →Ct →W )
is (w×W Cs → w×W Ct → w) equipped with the pullback log structure.
Definition 4.2.4. A log étale cover (Cs →Ct →W ) is called basic if for any geometric point
w→W , the log structure of the pullback étale cover w×W (Cs →Ct →W ) is basic.
We will show basicness is an open condition.
Proposition 4.2.5. Given a log étale cover (Cs →Ct →W ), the set
Ω := {w ∈W |Specκ(w)×W (Cs →Ct →W ) is basic}
is an open subset of W.
Proof. The set Ω is constructible because basicness is a condition on morphisms of fine
sheaves. It suffices to show Ω is closed under generization, i.e., if ω1 ∈ Ω, ω2 ∈W and
ω1 ∈ cl(ω2), then ω2 ∈Ω.
We first reduce it to a simple case. Since basicness is stable under strict base change, we
may first replace W by Spec(OW ,ω1) and then by cl(ω2) with the induced reduced scheme
structure, to reduce to the case W = SpecR for a strictly Henselian local domain R, and
with ω1 and ω2 the closed point 0 and SpecK where K is the quotient field of R. Denote by
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κ = R/m the residue field of R and endow Specκ and SpecK with the pullback log structure
from W .
By assumption the log structure on 0×W (Cs →Ct →W ) is basic and SpecK×W (Cs →
Ct →W ) is a log étale cover. Assume the log structures on the bases are given by Q0 and
QK . Then we have a commutative diagram
∏qN
θ //
φ˜

Q0
φ

∏qˆN
θˆ // QK
where q, qˆ runs over all nodes of 0×W Ct , SpecK×W Ct respetively, the morphism φ is the
generization, the morphism θ is the identity by basicness, the morphism θˆ is the canonical
morphism from Proposition 4.2.3 and the morphism φ˜ maps 1 7→ 1 at the entries q ∈ cl(qˆ)
and 1 7→ 0 at the entries otherwise.
Notice if q ∈ cl(qˆ), then αq 7→ αqˆ under φ˜ . So it suffices to show θˆ is an isomorphism.
Indeed, the morphism φ induces a isomorphism
S−1Q/(S−1Q)× ≃−→ QK
where S = φ−1(0). All elements in ∏qˆN except 0 maps to uninvertible elements in QK under
θˆ . So S is equal to φ˜−1(0) as well. Hence θˆ is an isomorphism. The local description of log
étale cover then shows SpecK×W (Cs →Ct →W ) is a basic log étale cover.
Notice that the proof actually shows fiberwise defined QK are compatible with generiza-
tion. We are now in position to proof the universal property for basic log étale covers.
Proposition 4.2.6. Any log étale cover arises as the pull-back from a basic log étale cover
with the same underlying morphism of stable curves. Both the basic log étale cover and the
morphism are unique up to unique isomorphism.
Proof. Assume the log étale cover is Cs →Ct →W . We first define the Qbasic fiberwise over
W . Notice this definition is compatible with generization. So we can define the basic log
étale cover for Cs →Ct →W fiberwisely according to the local chart, e.g., if the local chart
for Cs →Ct is
Q⊕NN2 //

A[x,y]/(xy− t)

Q⊕NN2 // A[x′,y′]/(x′y′− t ′)
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where A is a strictly Henselian ring and t lies in the maximal ideal of A, then define the basic
log structure by replacing Q with Qbasic. We hence define the basic log structure. Moreover,
we have a morphism on the level of ghost sheaf from the basic log structure to the original
log structure.
If M1 →M2 is a morphism of fine log structures on a scheme Y , then from the commuta-
tive diagram
1 // O×Y // M
gp
1
//

Mgp1 //

0
1 // O×Y // M
gp
2
// Mgp2 // 0
it follows that M1 = M2×M2 M1. Moreover, a morphism M →M2 of log structures lifts to
M → M1 → M2 if and only if M → M2 lifts to M → M1 → M2. So we have a morphism
unique up to unique isomorphism on the level of log structure.
Definition 4.2.7. The stack of type η log étale covers is the categoryM logη of type η basic
log étale covers together with the forgetful morphism M logη → Sch mapping (Cs →Ct →
W,xs,xt) to W .
There is a natural fine saturated log structure Lη :M
log
η → LSchfs mapping (Cs →Ct →
W,xs,xt) to W .
RecallM r(ηt) is actuallyM g,n for some g,n. Let L be the log structure onM r(ηt) defined
in Theorem 4.1.16.
Proposition 4.2.8. The natural log morphism (M logη ,Lη)→ (M r(ηt),L) is log étale .
Proof. It suffices to verify the lifting property [29, Chapter 3]. To be more precise, it suffices
to prove that for every diagram
T ′ //

(M logη ,Lη)

T //
;;
(M r(ηt),L)
of solid arrows there is a unique lift of the dotted arrow where T ′→ T is an exact closed
immersion (i.e., the underlying scheme morphism T ′→ T is a closed immersion and the log
morphism T ′→ T is strict) with T ′ defined in T by an ideal I such that I2 = (0).
Giving a morphism T → (M logη ,Lη) is the same as giving a log étale cover Cs →Ct → T .
So to prove the lifting property, we need to show there exists a unique log stable curve Cs log
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étale over Ct such that the diagram
C′s //

Cs

C′t //Ct
commutes, where C′s →C′t is the log étale cover induced by T ′→ (M logη ,Lη) and Ct is the log
stable curve induced by T → (M r(ηt),L). Because C′t →Ct is an exact closed immersion and
C′s →C′t is étale , the existence and the uniqueness immediately follow from [38, Theorem
5.6].
4.3 Tropicalizing the Moduli Space M logη of Logarithmic
Étale Covers
In this section, we will review the relations between the cone stackM tropg,n andM
log
g,n in [9,
Chapter 6] and apply the method there to get similar results forM logη .
Log geometry is closely related to tropical geometry.
Given a log scheme X , the tropicalization via log structure Trop(X) of X is
Trop(X) := (
∏
x∈X
Hom(MX ,x,R≥0))/∼,
where the x runs over all scheme-theoretic points of X and the equivalence relation is given
by dualizing the generization maps MX ,x →MX ,x′ when x is specialization of x′.
The tropicalization via log structure is covariant. Indeed, if there is log morphism
f : X → Y , then there are morphisms MY, f (x)→MX ,x for x ∈ X which are compatible with
the equivalence relation. Hence we have the morphism Trop(X)→ Trop(Y ).
Example 4.3.1. [2, Example 2.1.6] Assume the log scheme X is the toric variety associated
to the fan Σ equipped with the toric log structure. Then the tropicalization via log structure
of X is precisely Σ.
Example 4.3.2. This example is the tropicalization via log structure of a log stable curve. Let
C be the genus 0 log stable curve with 4 marked points which has two irreducible components
with 2 marked points on each component over (Speck,N). Assume at the only nodes, the
log structure is determined by N⊕NN2 with N→ N,1 7→ d.
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The tropicalization of C can be visualized as gluing 5 pieces of R2 corresponding to the 4
marked points p1, p2, p3, p4 and the nodes q. Assume p1 and p2 are on the same component
while p3 and p4 are on the other. Then the pieces of p1 and p2 are glued along one axis of
the piece of q while the pieces of p3 and p4 are glued along the other axis of the piece of q.
q
p1 p2
p3 p4
R≥0
On the right-hand side is the tropicalization of (Speck,N). The map is the induced map
from tropicalization. Note that the inverse image of 1 ∈R≥0 is precisely the dual intersection
graph of C. Moreover, the length of the bounded edge actually reflects the parameter d
defining the log structure. This is how tropicalization via log structure is related to dual
intersection graph.
q
p1
p2
p3
p4
Suppose that C is a category fibered in groupoids over RPC. There is an associated
category fibered in groupoids AC over the category of logarithmic schemes by setting
AC (S) = C (Γ(S,MS)∨)
for a logarithmic scheme S. Note that a category fibered in groupoids over RPC can be
extended to a functor defined on all monoids [9, Section 5.2].
In general the category AC is not a stack. However, if C is a rational polyhedral cone σ ,
then AC is described below.
Proposition 4.3.3. [37, Proposition 5.17] The stackAσ is isomorphic to [Xσ/T ] where Xσ is
the log scheme associated to σ . In particular, the stack Aσ is representable by an algebraic
stack with a logarithmic structure.
4.3 Tropicalizing the Moduli SpaceM logη of Logarithmic Étale Covers 85
The stackification of AC is denoted by a∗C . The reason for this notation is that the
assignment σ 7→Aσ determines a morphism of sites a : Ét(LSch)→RPCZ. See [9, Remark
6.10] for more details.
Definition 4.3.4. [9, Definition 6.8] An Artin cone is an algebraic stack with logarithmic
structure that can be represented as the quotient Aσ for some rational polyhedral cone. An
Artin fan is a logarithmic algebraic stack that has a strict étale cover by a disjoint union of
Artin cones.
Theorem 4.3.5. [9, Theorem 6.15] The functor a∗ defines an equivalence between the
2-category of cone stacks and the 2-category of Artin fans.
Let a∗M tropη be the Artin fan ofM
trop
η .
Definition 4.3.6. Let X be a logarithmic scheme that is locally of finite type. A tropical étale
cover over X consists of
(i) a tropical étale cover Γx with edge lengths in MX ,x (see Section 3.1) for each geometric
point x of X ;
(ii) if y⇝ x is a geometric specialization, then Γy is the tropical étale cover obtained from
Γx by having the edge length
E(G(Γxt))
dΓx−−→MX ,x →MX ,y
and contracting those edges with length 0. Here Γxt is the target twisted tropical curve of Γx.
A tropical étale cover over a log scheme X is simply assigning to each geometric point a
tropical étale cover compatible with the generization map. This can be viewed as tropicaliza-
tion a family of log étale covers via log structure but preserving the base X .
We write M˜ tropη for the fibered category over logarithmic schemes of finite type whose
fiber over S is the category of families of tropical étale covers over S where for each geometric
point of S, the tropical étale cover over S is of type η .
Let η be a graph cover whose target has 1 vertex and no edges. LetM tropη be the cone
stack of tropical étale covers of type η defined in Chapter 3.
There is a natural morphism
Φ : a∗M tropη (S)→ M˜ tropη (S).
To be more precise, the morphism Φ is specified by the mapM tropη (Γ(S,MS)∨)→ M˜ tropη (S)
where the tropical étale cover (G,d : E(Gt)→ Γ(S,MS)) maps to the tropical étale cover
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over S whose tropical étale cover at geometric point x of S is obtained from (G,d : E(Gt)→
Γ(S,MS)) by having the edge length
E(Gt)
d−→ Γ(S,MS)→MS,x
and contracting those edges with length 0.
Proposition 4.3.7. The morphism Φ(S) is an isomorphism for log schemes S locally of finite
type.
Proof. The proof of [9, Lemma 6.18] works word for word.
The tropicalization map
tropη : (M
log
η ,Lη)→ a∗M tropη ≃ M˜ tropη
is given by sending the basic log étale cover to its dual intersection graph with edge length at
the edge corresponding to the double point q being the α ∈ Q as in Theorem 4.1.11.
Theorem 4.3.8. The tropicalization map
tropη : (M
log
η ,Lη)→ a∗M tropη
is strict and smooth.
Proof. The stack a∗M tropη is log étale over Speck with the trivial log structure [9, Lemma
6.13]. By Proposition 4.2.8, the log stack (M logη ,Lη) is log smooth over Speck with the
trivial log structure. So tropη : (M
log
η ,Lη)→ a∗M tropη is log smooth.
For strictness, it suffices to prove that every diagram
(S,MS) //

M logη

(S,M′S) //
::
a∗M tropη
of solid arrows there is a unique lift of the dotted arrow where the underlying morphism
S→ S is the identity.
In other words, assume there is a log étale cover Cs →Ct over (S,MS), a tropical étale
cover Γ′ over (S,M′S) such that the family of tropical étale covers associated to (S,MS) is the
family Γ induced from Γ′ by the morphism of log structures M′S →MS. It suffices to show
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that there is a unique log étale cover C′s →C′t over (S,M′S) with the same underlying scheme
morphism as Cs →Ct inducing both Cs →Ct and Γ′.
It suffices to define the log structure on Ct because the log structure on Cs is then
completely determined. By [9, Theorem 6.20], there is a unique log stable curve C′t over
(S,M′S) inducing both Ct and the weighted marked graph r(Γ
′
s). The twisted degree on Γ′s,
the twisted graph Γ′t and the log structure on C′s are then given by the underlying scheme
morphism of Cs →Ct .
Now we have showed the tropicalization of the log stack (M logη ,Lη) via log structure is
the same as the Artin stack ofM tropη . Moreover, the map fromM
log
η to its tropicalization
a∗M tropη is smooth and strict.
Future work would involve comparing M logη and M η . It is conjectured that the map
M η →M logη defined as mapping a family of étale covers to the family of coarse moduli space
equipped with the basic log structure is étale . The automorphism group Aut(C ′→C |C′→C)
is
⊕l∈L(ηt)µm(l)
where ηt is the type for twisted curve C , i.e., the automorphism group splits as a product
with the contribution from each twisted node being trivial and the contribution from each
marked points being µm(l).
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